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THE TOPOLOGICAL TRACE FORMULA
MARK GORESKY AND ROBERT MACPHERSON
Abstract. The topological trace formula is a computation of the Lefschetz number of a
Hecke correspondence C acting on the weighted cohomology groups, defined in [GHM], of
a locally symmetric space X . It expresses this Lefschetz number as a sum of contributions
from fixed point components of C on the reductive Borel Serre compactification of X . The
proof uses the Lefschetz fixed point formula of [GM2].
When the L2 cohomology of X is finite dimensional (the equal rank case), the Lefschetz
number of a Hecke correspondence acting on the L2 cohomology was computed by J. Arthur
in [Ar1, Ar3] using the trace formula. In this cased the L2 cohomology coincides with the
“middle” weighted cohomology (see [GHM]), so this paper gives an independent computa-
tion of this Lefschetz number. In [GKM], it was shown that these two computations agree.
Consequently, this paper completes an independent proof of Arthur’s formula.
We also describe some of the rich geometry of Hecke correspondences and their fixed
points. While [Ar1] and [GKM], because of their adelic setting, treated congruence sub-
groups, we treat here the slightly more general case of an arbitrary neat arithmetic subgroup.
Some of the results of this paper were announced in [GM1].
1. Introduction.
1.1. Geometric overview.
1.1.1. Locally symmetric spaces. For the purposes of this introduction, a locally symmetric
space X is a complete connected Riemannian manifold with finite volume and non-positive
curvature, such that every point p ∈ X has a neighborhood Up with a Cartan symmetry:
an isometry Up → Up that takes p to itself and induces minus the identity on the tangent
space to X at p. As for any manifold, we have X = Γ\D where D is the simply connected
covering space of X and Γ is the fundamental group of X . Because X has nonpositive
curvature, it follows that D is a Riemannian symmetric space of noncompact type, that is,
the metric product of a negatively curved symmetric space from Cartan’s classification, and
a Euclidean factor Rn). The discrete group Γ acts by Riemannian automorphisms of D. We
assume that this action is “arithmetic” (see §1.2.1).
1.1.2. Correspondences. We are interested in the automorphisms of X . A morphism f :
X → Y of locally symmetric spaces is a local isometry; i.e. a map f that restricts to an
isometry Up → Uf(p) for appropriate choices of neighborhoods. Topologically, a morphism
is a covering map of finite degree. There are finitely many morphisms X → X. Instead,
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we consider a correspondence on X , i.e. a locally symmetric space C together with two
morphisms c1 and c2 from C to X . We can think of (c1, c2) : C ⇒ X as a multi-valued
function, whose values at p ∈ X are the points in the set c2(c
−1
1 (p)). There is a rich supply
of correspondences. They include the Hecke correspondence, see §1.2.3.
1.1.3. Lefschetz numbers. Consider a cohomology theory of X , such as the L2 cohmology
H i(2)(X). A correspondence (c1, c2) : C ⇒ X acts on H
i
(2)(X) by sending a differential form
ω to C∗ω = (c1)∗(c2)
∗ω. (The map (c1)∗ adds the differential form over the sheets of the
finite covering map c1). It is thought that the induced maps C
∗ : H i(2)(X)→ H
i
(2)(X) carry
deep number theoretic significance. One would like to compute them. Unfortunately, this
is too difficult. Even the rank of H i(2)(X) is too hard to compute in most cases. As often
happens, however, computing the alternating sum over the index i is a tractable problem.
Define the Lefschetz number of C by
L(C) =
∑
i
(−1)iTr
(
C∗ : H i(2)(X)→ H
i
(2)(X)
)
Our goal is to compute this, using the Lefschetz fixed point theorem to find an expression
L(C) =
∑
F
L(F )
as a sum over fixed point components F of some local contribution L(F ).
1.1.4. Compactifying X. The first obstacle is the fact that X is, in general, non-compact.
(When X is compact, the Lefschetz formula was described by M. Kuga and J. H. Sampson
[Ku].) There is no hope for a Lefschetz fixed point formula on a noncompact space. To see
this, consider the example where X is the real line with the self map that sends x ∈ X to
x + 1. The Lefschetz number for ordinary cohomology is 1. But there are no fixed points,
so the right hand side is 0 no matter how L(F ) is interpreted. There are similar examples
for L2 cohomology and locally symmetric spaces X .
The solution is to pass to a compactification X of X . We need a compactification X ⊆ X
satisfying
1. The L2 cohomology of X can be expressed locally on X.
2. The correspondence (c1, c2) : C ⇒ X extends to a compactified correspondence (c1, c2) :
C ⇒ X .
3. The singularities of X are simple enough to allow a calculation of L(F ).
Remarks on these properties. In (1), “Expressed locally” means that the L2 cohomology is
the cohomology of a complex of sheaves on X . For (2), we want a functorially constructed
compactification C of C. The map C∗ on L2 cohomology should be induced by a lift of
the complex of sheaves to C. Properties (1) and (2) together will imply that there exists
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an expression L(C) =
∑
L(F ) for L(C) as a sum of contributions L(F ) over fixed point
components F of C, by applying the fixed point formula of Grothendick and Illusie [GI].
A lot of effort has gone in to constructing various compactifications of X . Most of these
fail some of the criteria, however. For example, the toroidal compactification [AMRT] for
Hermitian X satisfies (3) but neither (1) nor (2). The Borel-Serre compactification [BS]
satisfies (2) and (3) but not (1). (It does satisfy (1) in the case of ordinary cohomology
rather than L2 cohomology. In this case, U. Weselmann, following suggestions of G. Harder,
has carried out the Lefschetz computations ([We]).)
It is likely that (for sufficiently high rank) any compactification satisfying (1) and (2) must
be singular. A well known example is the Baily-Borel compactification for HermitianX . This
satisfies (1) because of the Zucker conjecture (i.e. the Looijenga, Saper-Stern theorem) which
expresses the L2 cohomology of X on the Baily-Borel compactification as the intersection
cohomology, which is the cohmology of a complex of sheaves (see [GM4].) It satisfies (2)
because it is functorial. However, the singularities of the Baily-Borel compactification are as
complex as a locally symmetric space only slightly smaller than X and are too complicated
to allow a direct computation of L(F ).
The first miracle is that there is a compactification satisfying all three properties: the
reductive Borel-Serre compactification X (defined for all X , Hermitian or not). In the
Hermitian case, it may be thought of as a (non algebraic) partial resolution of singularities
of the Baily-Borel compactification. The reductive Borel-Serre compactification satisfies
property (2) because it is functorial with respect to morphisms of locally symmetric spaces.
So in the diagram (c1, c2) : C ⇒ X , the space C is the reductive Borel-Serre compactification
of C. It satisfies property (1) because of the existence of weighted cohomology described
below, and it satisfies property (3) because its singularities may be explicitly constructed
from certain nilmanifolds (see §1.3.3).
1.1.5. Weighted Cohomology. The Lefschetz fixed point formula of this paper is for the
weighted cohomology groups W νH i(X,E) where X is any locally symmetric space and E is
a local system over it. These were introduced in [GHM]. The weighted cohomology is the
cohomology of a complex of sheavesWνC•(E). Therefore it satisfies property (1) mentioned
above.
The weighted cohomology groupsW νH i(X,E) depend on an auxiliary parameter ν called
a weight profile. When X has finite dimensional L2 cohomology, then W νH i(X,E) =
H i(2)(X,E) provided the weight profile ν is chosen to be the “middle weight” ([GHM],[N]),
so our formula includes the L2 case. Another weight profile gives the ordinary cohomology of
X . A. Nair [N] has shown that for any weight profile, the weighted cohomologyW νH i(X,E)
is equal to J. Franke’s “weighted L2 cohomology” [F] for a particular weight function. For a
leisurely account of the properties of weighted cohomology, see the introduction to [GHM].
1.1.6. The Lefschetz formula. Even on a compact space with tractable singularities, the
fixed point contribution L(F ) is usually too difficult to compute. The second miracle is
3
that on the reductive Borel-Serre compactification X, each correspondence is hyperbolic. A
formula for the contributions L(F ) for hyperbolic correspondences was developed in [GM2]
expressly for the application in this paper to Hecke correspondences.
The rest of the introduction proceeds as follows. The next section enumerates the fixed
point components and determines their topology. Section 1.3 describes the local contribution
from each fixed point component, and §1.4 adds them up to give the Lefschetz number L(C).
1.2. The structure of a correspondence on X. The theory of correspondences on X
is very self-referential. The reductive Borel-Serre compactification X is a stratified space
whose strata are themselves locally symmetric spaces. The closure of such a stratum is its
reductive Borel-Serre compactification. The fixed point components of a correspondence on
X are (almost) locally symmetric. A correspondence restricted to a stratum of X is itself a
correspondence.
1.2.1. Notations concerning algebraic groups. In order to be precise, we need the language of
algebraic groups. We use boldface symbols for linear algebraic groups, and Roman symbols
for their Lie group of real points, for example, G = G(R).
Obtaining X from G. Throughout this paper we fix a reductive linear algebraic group G
defined over the rational numbers Q. The symmetric space D for G is defined to be G/SGK.
HereK is a maximal compact subgroup ofG and SG is the greatestQ-split torus in the center
of G. The group G acts on D by Riemannian automorphisms. Let X = Γ\D = Γ\G/SGK,
where Γ ⊂ G(Q) ⊂ G is assumed to be a neat arithmetic subgroup. (This is the arithmeticity
assumption on the locally symmetric space X of §1.1.1. By results of Margulis, in most cases
the arithmeticity assumption is automatically satisfied.) (The space D may have Euclidean
factors because G may have a part of its center that is split over R but not over Q. After
dividing by Γ, these Euclidean factors will become wound into tori.)
Rational parabolic subgroups P of G. If P is a rational parabolic subgroup, let LP be its
Levi quotient; let νP : P → LP be the projection; let UP be the unipotent radical; let
SP ⊆ LP be the maximal Q-split torus in the center of LP; and let ∆P be the set of simple
roots occuring in NP = Lie (UP ). Let KP = K ∩ LP be the maximal compact subgroup of
LP which corresponds to K; set ΓP = Γ ∩ P ; and ΓL = νP (ΓP ).
1.2.2. The reductive Borel-Serre compactification X. (§2.10) The strata of X are indexed
by Γ-congugacy classes of rational parabolic subgroups P of G. The stratum XP ⊆ X
corresponding to the conjugacy class containing a parabolic P is the locally symmetric
space ΓL\DP , where DP = LP/SPKP is the symmetric space of the Levi LP. If P ⊆ P
′
then the stratum XP is contained in the closure of XP ′.
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1.2.3. Hecke correspondences. Let g ∈ G(Q). Let Γ′ ⊂ Γ ∩ g−1Γg be a subgroup of finite
index. This data determines a correspondence (c1, c2) : C[g,Γ
′] ⇒ X as follows. Let
C[g,Γ′] = Γ′\D. The mapping c1 is obtained by factoring the projection d1 : D → Γ\D = X
through C[g,Γ′] which may be done since Γ′ ⊂ Γ. The mapping c2 is obtained by factoring
the projection d2 : D → Γ\D through C[g,Γ
′], where d2(x) = d1(gx). Such a factoring exists
because Γ′ ⊂ g−1Γg.
It is a fact (cf. Proposition 6.9) that every correspondence may be obtained in this way.
For the maximal choice Γ′ = Γ ∩ g−1Γg, the resulting correspondence is called a Hecke
correspondence and is denoted C[g]⇒ X. Up to isomorphism, this correspondence depends
only on the double coset ΓgΓ ∈ Γ\G(Q)/Γ (cf. Lemma 6.6).
The correspondence C[g,Γ′]⇒ X is a covering of the correspondence C[g]⇒ X of degree
d = [Γ : Γ′]. The action of C[g,Γ′] on weighted cohomology is simply d times the action of
C[g]. So, without loss of generality, we will concentrate on computing the Lefschetz number
of the Hecke correspondence C[g] for a fixed double coset ΓgΓ ∈ Γ\G(Q)/Γ.
1.2.4. The correspondence on a stratum of X. Each Hecke correspondence C[g]⇒ X has a
unique continuous extension to the reductive Borel-Serre compactification C[g]⇒ X . Every
boundary stratum CQ of C[g] will be a correspondence taking a boundary stratum of X to
another one. Since we are interested in fixed points, we want to classify those CQ which
take a stratum XP ⊆ X to itself. There is one of these for every double coset ΓPgiΓP in
the intersection P ∩ ΓgΓ (cf. Proposition 7.3). It is isomorphic to a correspondence of the
form C[g¯i,Γ
′
L] as described above, but with G replaced by LP . (Here g¯i = νP (gi) ∈ LP and
Γ′L = νP (ΓP ∩ g
−1
i Γgi) ⊂ LP .)
1.2.5. Fixed point components. The fixed point set (sometimes called the coincidence set)
of a correspondence (c1, c2) : C ⇒ X is by definition the set of points in C on which the two
maps c1 and c2 agree.
The fixed point set of the correspondence C[g,Γ′]⇒ X (before compactification) breaks up
into constituent pieces F (e) indexed by Γ conjugacy classes of elliptic (modulo SG) elements
e ∈ ΓgΓ (§8.2). The piece F (e) corresponding to the conjugacy class containing e is the space
Γ′e\Ge/K
′
e, where Ge is the centralizer of e in G, Γ
′
e = Γ
′ ∩Ge, and K
′
e = Ge ∩ (z(SGK)z
−1)
where zAGK ∈ D = G/AGK is a fixed point of the action of e on D. (Such a point exists
since e is elliptic) (§8.4). The constituent F (e) is a finite union of spaces, each of which is
almost a locally symmetric spaces for the group Ge. (It have infinite volume because it may
have Euclidean factors that are not wound into tori.)
Applying this result to the boundary stratum XP , in conjunction with the calculation
(§1.2.4) of the part of the correspondence C[g] which preserves XP , we get a group theoretic
enumeration of all the fixed points of C[g] which lie over points in XP : For each choice
of a double coset ΓPgiΓP ⊂ ΓgΓ ∩ P , and for each conjugacy class of elliptic (modulo SP )
elements e in ΓLg¯iΓL, there is a fixed point constituent FP (e). (It is a smooth submanifold
of the stratum CQ of C[g] which is determined by the double coset ΓP giΓP as in §1.2.4.)
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Summing over Γ conjugacy classes of rational parabolics P gives the complete enumeration
of fixed points C[g].
1.2.6. The topology of the fixed point set. There are finitely many constituents FP (e) of the
fixed point set and they are disjoint. Unfortunately however they may not be topologically
isolated from each other. If XP ′ ⊆ XP , then the closure of FP (e) can contain points in some
FP ′(e
′). So a single connected component of the fixed point set may have a very complicated
structure. This phenomenon is the main source of technical difficulty of this paper. (The only
real limit we have found on the possible complexity of a connected component of the fixed
point set is Proposition 10.4.) We get around this problem by composing the correspondence
with a mapping, very close to the identity, which shrinks a neighborhood of the singularity
set X −X into the singularity set, and which does something similar on the closure of each
stratum of X. This has the effect of “truncating” each connected component of the fixed
point set into pieces each of which is contained in a single stratum of X (a process which
may be considered as a sort of topological analog to Arthur’s truncation procedure). The
Lefschetz number of this “modified” Hecke correspondence is equal to that of the original
one. We prove that the modified Hecke correspondence is hyperbolic. The resulting formula
(Theorem 1.4) would be the same if no truncation were used, however the proof would be
even more technical.
1.3. Calculating the local contribution L(F ).
1.3.1. Weighted cohomology. Let E be a finite dimensional representation of G, and let
E be the associated local system over X . Denote by P0 a fixed minimal (“standard”)
rational parabolic subgroup of G and by S0 a maximal Q-split torus in the center of its
Levi factor. Then SG ⊆ S0. A weight profile ν ∈ χ
∗
Q(S0) (§12.2) is a (quasi-)character of
S0 whose restriction to SG coincides with the character by which SG acts on E. The Hecke
correspondence C[g] ⇒ X has a canonical lift (§13.1) to the weighted cohomology sheaf
WνC•(E), so it induces a homomorphism on weighted cohomology whose Lefschetz number
L(C[g]) =
∑
i≥0
(−1)iTr(C[g];W νH i(X;E)) (1.3.1)
is what we want to compute.
1.3.2. Hyperbolicity of the correspondence. Let us assume for the moment that the fixed
point set is topologically the disjoint union of the constituent pieces FP (e). This is not
always the case, but the formula we obtain is nevertheless always valid, as explained in
§1.2.6.
We focus on a single stratum XP which is preserved by the correspondence, and on a single
stratum of the correspondence C corresponding to a single double coset ΓPgiΓP ⊂ P ∩ΓgΓ.
Within this stratum, we focus on a single constituent FP (e) of the fixed point set. Each
stratumXQ which containsXP in its closure correspondence to a rational parabolic subgroup
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Q containing P, and therefore to a unique subset I ⊂ ∆P . The empty subset corresponds
to XP itself and the largest subset ∆P ⊆ ∆P corresponds to X . Let ae be the projection of
e to the identity component AP of SP(R). The elements of ∆P are rational characters of SP
so we may define
∆+P (e) = {α ∈ ∆P |α(ae) < 1}.
Let XQ be the stratum containing XP which corresponds to the subset ∆
+
P (e) ⊆ ∆P . The
correspondence C[g] is hyperbolic near FP (e) 11.7, with “expanding” (or “unstable”) set XQ
(Theorem 11.9, §13.9). In other words, near FP (e) the Hecke correspondence is “expanding”
in those directions normal to XP which point into XQ.
Let F ′ = c1(FP (e)) = c2(FP (e)) ⊂ XP and let Le be the centralizer of e in LP . There are
diffeomorphisms (Proposition 8.4),
FP (e) ∼= Γ
′
e\Le/K
′
e and F
′ ∼= Γe\Le/K
′
e
where K ′e = Le ∩ z(KPAP )z
−1 (for appropriately chosen z ∈ LP ), Γe = Le ∩ ΓL, and
Γ′e = Le ∩ Γ
′
L. The projection FP (e)→ F
′ is a covering of degree d = [Γe : Γ
′
e] (cf §8.6).
It follows from the Lefschetz fixed point theorem of [GM2] that the local contribution is
given by
L(FP (e)) = χc(F
′)
∑
i≥0
(−1)iTr
(
C[g]∗ : H ix(A
•)→ H ix(A
•)
)
(See Theorem 13.2). Here A• = h!j∗WνC•(E) where h is the inclusion F ′ →֒ XP →֒ XQ
and j is the inclusion XQ →֒ X ; H
i
x(A
•) denotes its stalk cohomology at x ∈ F ′; and χc
denotes the Euler characteristic with compact supports. See the introduction to [GM2] for
a geometric account of hyperbolic correspondences.
1.3.3. The stalk cohomology. Let c denote the codimension of F ′ in XP and let O be the top
exterior power of the normal bundle of F ′ in XP . Let r denote the index [ΓP ∩UP : Γ
′
P ∩UP ]
where Γ′P = ΓP ∩ g
−1
i ΓPgi.
The stalk cohomology of the sheaf A• at a fixed point x ∈ F ′ ⊂ XP is given by (13.9.4)
and Proposition 12.8:
H•x(A
•) =
⊕
w∈W 1
P
Iν(w)=∆
+
P
(e)
V Lw(λB+ρB)−ρB [−ℓ(w)− |∆
+
P (e)| − c]⊗Ox.
The Hecke correspondence C[g] acts on the first factor by rd times the action of e−1 and it
acts on the second factor by (−1)c, cf. (13.9.5). We now describe the other symbols in this
formula.
Let T be a maximal torus (over C) in G, and let B be a Borel subgroup (over C) of G
containing T. These may be chosen as in §12.7 so that S0(C) ⊂ T(C) and so that B ⊂ P0.
LetWG =W (G(C),T(C)) denote the Weyl group ofG. The choice of B determines positive
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roots Φ+G = Φ
+(G(C),T(C)), and a length function ℓ on WG. Let W
1
P ⊂WG denote the set
of Kostant representatives: the unique elements of minimal length from each of the cosets
WPx ∈ WP\WG, where WP = W (LP(C),T(C)), (§12.7). The last sum is over those v ∈ W
1
P
such that the set
Iν(w) = {α ∈ ∆P | 〈(w(λB + ρB)− ρB − ν, tα〉 < 0}
coincides with the set ∆+P (e) defined above (after conjugating P so as to contain B). Here,
as in §12.7, λB denotes the highest weight of the representation E, and {tα} form the basis
of the cocharacter group χQ∗ (SP/SG) which is dual to the basis ∆P of the simple roots. Also,
ρB denotes the half-sum of the positive roots Φ
+
G. The product 〈(v(λB + ρB) − ρB − ν, tα〉
makes sense: the restriction (v(λB + ρB) − ρB − ν)|SP is trivial on SG and hence defines
an element of χ∗(S′P)⊗Q which can then be paired with tα. For any B-dominant weight β,
the symbol V Lβ denotes the irreducible LP-module with highest weight β ∈ χ
∗(T(C)) and
V Lβ [−m] means that the module V
L
β is placed in degree m.
The geometry behind this formula is roughly this: Consider the intersection of a small
neighborhood of x in X with the largest stratum X . This intersection will deformation
retract to the nilmanifold (Γ∩UP )\UP . The cohomology of this intersection with coefficients
in E coincides with theNP cohomology by Van Est’s theorm, which is computed by Kostant’s
theorem to be
⊕
w∈W 1
P
V Lw(λB+ρB)−ρB [−ℓ(w)]. The cut-off (Iν(w) = ∆
+
P (e)) and the degree
shift (by ℓ(w)+|∆+P (e)|) come from the computation of h
!j∗WνC•(E) in §12. The integer r is
the ramification index: the degree of the mapping c1 when it is restricted to this nilmanifold
( §13.8).
By adding the contributions L(FP (e)) over all the fixed point constituents FP (e) we arrive
at the main result in this paper.
1.4. Theorem. Let g ∈ G(Q). Let C[g]⇒ X be the resulting Hecke correspondence. Fix a
weight profile ν ∈ χ∗Q(S0). The Lefschetz number L(C[g]) (1.3.1) is given by∑
{P}
∑
i
∑
{e}
rχc(Γ
′
e\Le/K
′
e)(−1)
|∆+
P
(e)|
∑
w∈W 1P
Iν(w)=∆
+
P
(e)
(−1)ℓ(w)Tr(e−1;V Lw(λB+ρB)−ρB)
The first sum is over a choice of representative P, one from each Γ-conjugacy class of rational
parabolic subgroups ofG. For such a P, set ΓgΓ∩P(Q) =
∐
i ΓP giΓP (where ΓP = Γ∩P(Q)
and where gi ∈ P(Q). The second sum is over these finitely many double cosets. Set
g¯i = νP (gi) ∈ LP and ΓL = νP (ΓP ). The third sum is over a choice of representatives e, one
from each ΓL-conjugacy class of elliptic (modulo SP ) elements e ∈ ΓLg¯iΓL. The rest of the
notations are explained above.
1.5. Adelic formulation. One of the main goals of the series of papers [GM1], [GM2],
[GHM], [GKM], and the present paper is Theorem 7.14.B (p. 535) of [GKM], an expression
for the Lefschetz number L(C[g]) in the adelic setting. If the weight profile ν is the “middle”
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weight (and if the rank of G equals the rank of K) then the weighted cohomology coincides
with the L2 cohomology, and this formula coincides with Arthur’s formula [Ar1] (Theorem
6.1). If the weight profile ν = −∞ then the weighted cohomology coincides with the ordinary
“full cohomology” H∗(X,E) and this formula coincides with Franke’s formula [F] (thm. 21
p. 273). The paper [GKM] uses the above Theorem 1.4 as its starting point, then modifies
it using three main steps.
(1) The quantity rχc(Γ
′
e\Le/K
′
e) which appears in Theorem 1.4, and the sum
∑
i over
double cosets ΓP giΓP ⊂ ΓgΓ ∩ P (which preceeds it) are replaced by an orbital integral.
(2) If LP/AP does not contain a compact maximal torus, then the stratum CP makes no
contribution to Arthur’s formula or to Franke’s formula. The same holds for the general
formula in Theorem 7.14.B of [GKM]. However fixed points in such a stratum may make
a nonzero contribution to the formula in Theorem 1.4 above. In [GKM] §7.14 the method
of descent is used to re-attribute such a contribution to smaller strata CQ for which LQ/AQ
does admit a compact maximal torus. See also §15.7 of this paper.
(3) Theorem 1.4 above involves a sum over parabolic subgroups, while Theorem 7.14.B of
[GKM] involves a sum over Levi subgroups. This is achieved in [GKM] (p. 529) by grouping
together the contributions from those parabolic subgroups with a given Levi factor. (This has
the remarkable effect of grouping together fixed points with different contracting-expanding
behavior.) In [GKM] it is shown that the resulting contribution from a single Levi subgroup
may be interpreted in terms of the (Harish-Chandra) character of a certain admissible rep-
resentation. In the case of the middle weight, this fact gives rise to a combinatorial formula
for the stable discrete series characters, which is the second main result of [GKM]. (Al-
though this discrete series character formula was discovered by comparing Arthur’s formula
to Theorem 1.4, the statement and proof of the character formula in [GKM] is independent
of the part of the paper dealing with Lefschetz numbers.)
1.6. Related literature. Besides the articles listed above, and an extensive literature on
the co-compact case, we mention several other closely related papers. The Lefschetz formula
in the rank one case was studied by Moscovici [Mo] and Barbasch-Moscovici [BaM], also by
Bewersdorff [Be] and Rapoport [R]. In [St], M. Stern gave a general Lefschetz formula for
Hecke correspondences. We do not easily see how to compare his formula with ours. In [Sh]
S. Shokranian, following the outline in [GKM], describes a formula for the Lefschetz numbers
of Hecke operators on twisted groups. We wish to draw attention to Langlands’ article [L],
in which the expanding and contracting nature of the fixed points on the boundary was first
isolated (see especially Proposition 7.12 p. 485).
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2. Notation and Terminology
2.1. Locally symmetric spaces. Linear algebraic groups will be represented by boldface
symbols (e.g.,G, S) and their real points will be in Roman type (e.g., G = G(R), S = S(R)).
Throughout this paper we fix a connected reductive linear algebraic group G defined over
Q. Denote by SG the greatest Q-split torus in the center of G, and let AG = SG(R)
0 denote
the identity component of the group of real points of SG. Following [BS] §1.1 let
0G =
⋂
χ
ker(χ2)
be the intersection of the kernels of the squares of all the rationally defined characters
χ : G → GL1. Then
0G is normal in G; it contains every compact subgroup and every
arithmetic subgroup of G, and G = AG ×
0G. Let K ⊂ G(R) be a maximal compact
subgroup and define D = G/KAG.We refer to D as the “symmetric space” associated toG.
The derived group G(1) is semisimple and K(1) = G(1) ∩K is a maximal compact subgroup.
The space D is diffeomorphic to the Cartesian product of the Riemannian symmetric space
D(1) = G(1)/K(1) with A0/AG where A0 is the identity component of the greatest R-split
torus in the center of G. Both G(R) and 0G act transitively on D, an action which we
usually denote by (g, x) 7→ gx or g.x but occasionally it will be necessary to refer to this
action as a mapping, in which case we write
Tg : D → D (2.1.1)
for g ∈ G. (For most geometric questions involving the symmetric space D, one could replace
G by 0G, however there are Hecke correspondences for G which do not necessarily come from
0G.) For each x ∈ D the stabilizer K(x) of x in 0G is a maximal compact subgroup of 0G
so we obtain a G-equivariant diffeomorphism
ψx : G/AGK(x)→ D.
The choice ofK ⊂ G corresponds to a “standard” basepoint x0 ∈ D.We write K = K(x0)
and K ′ = AGK(x0). An element x ∈ G is elliptic mod AG (often shortened to “elliptic”) if
it is G(R)-conjuate to an element of K ′. There is a unique “algebraic” Cartan involution
θ = θx0 : G → G whose fixed point set is K. If x1 ∈ D is another basepoint with x1 = gx0
then the Cartan involution for the new basepoint is given by
θx1(y) = gθx0(g
−1yg)g−1 (2.1.2)
and the composition ψ−1x1 ψx0 : G/AGK(x0)→ G/AGK(x1) is given by
yAGK(x0) 7→ yg
−1AGK(x1). (2.1.3)
Let g = k⊕ p be the ±1 eigenspace decomposition of θ in Lie(G). The Cartan involution θ
preserves 0G and determines a decomposition of its Lie algebra, 0g = k⊕ 0p. Then 0p may be
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canonically identified with the tangent space Tx0D. Any choice of K-invariant inner product
on 0p induces a G-invariant Riemannian metric on X .
Throughout this paper we also fix an arithmetic subgroup Γ ⊂ G(Q) and denote by
τ : D → X = Γ\D the projection to the locally symmetric space X .
2.2. Parabolic subgroups. Fix a rationally defined parabolic subgroup P ⊂ G. We have
the following groups:
1. UP = the unipotent radical of P; NP = Lie(UP ) its Lie algebra
2. RdP = the Q split radical of P
3. LP = the Levi quotient; νP : P→ LP the projection
4. MP =
0LP = ∩χ ker(χ
2)
5. SP = RdP/UP
6. AP = SP(R)
0 the identity component of the set of real points
7. ΓP = Γ ∩ P, ΓL = ΓL(P ) = ν(ΓP ) ⊂ MP
8. KP = K ∩ P, KL = KL(P ) = νP (KP ) ⊂MP , K
′
P = K
′ ∩ P = KPAG
The torus SP may also be identified as the greatest Q-split torus in the center of LP. It
contains SG and we denote the quotient by S
′
P = SP/SG, with corresponding identity
component A′P = S
′
P(R)
0 = AP/AG. We identify A
′
P with the subgroup AP ∩
0G to obtain
a canonical decomposition AP = A
′
PAG.
The group of real points of the Levi quotient is the direct product, LP = MP × AP . For
any x ∈ P write νP (x) = νM(x)νA(x) for itsMP and its AP components and write νA′(x) for
the further projection of νA(x) to the quotient A
′
P = AP/AG. The group P acts transitively
on D with isotropy K ′P = AGKP = StabP (x0).
The choice of standard basepoint x0 ∈ D with associated Cartan involution θ : G → G
determines a unique θ−stable lifting [BS] §1.9 i = ix0 : LP → P. Denote the image by
LP (x0) = i(LP ). We obtain liftings of subgroups, AP (x0) = i(AP ) and MP (x0) = i(MP ).
Thus the choice x0 ∈ D of basepoint determines a canonical Langlands’ decomposition
P = UPAP (x0)MP (x0) (2.2.1)
and we write
g = ugagmg (2.2.2)
where ug = giνP (g
−1), ag = iνA(g), and mg = iνM (g) for any g ∈ P. The groups KP ⊂ P
and KL(P ) = νP (KP ) are canonically isomorphic, in fact,
KP = i(KL(P )) ⊂MP (x0) ⊂ LP (x0). (2.2.3)
By abuse of notation we will usually write KP ⊂ LP . If x1 ∈ D is another basepoint with
associated Cartan involution θx1 : G→ G then, by (2.1.2), the associated θx1−stable lifting
ix1 : LP → P is given by
ix1(y) = gi(y)g
−1 (2.2.4)
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where g ∈ P is any element such that g · x0 = x1 ∈ D. The geodesic action of Borel and
Serre [BS] §3 is the right action of AP on D which is given by
(zK ′P ) · a = zi(a)K
′
P ∈ D = P/K
′
P (2.2.5)
for any a ∈ AP and z ∈ P . It is well defined since i(AP ) commutes with K
′
P , and it passes
to an action of A′P = AP/AG. The geodesic action commutes with the (left) action of P , and
it is independent of the choice of basepoint, by (2.1.3). It is not an action by isometries.
For g = ugagmg ∈ P as in (2.2.2), the element ag ∈ AP is called the torus factor of g. We
will often use without mention the following fact: if γ = uγaγmγ ∈ Γ ∩ P then aγ = 1.
2.3. Roots. Fix once and for all a minimal rational parabolic subgroup P0 ⊂ G. The
parabolic subgroups P ⊇ P0 are called standard. Let S0 = i(SP0) be the lift of SP0 . Let
Φ = QΦ(S0, g) denote the rational relative roots of g with respect to S0. The unipotent
radical UP0 determines a linear order on the root system QΦ such that the positive roots
are those occurring in N0 = Lie(UP0). Let ∆ denote the resulting collection of simple roots.
Each subset I ⊂ ∆ corresponds to a unique standard parabolic subgroup P0(I) ⊃ P0 ([BS]
§4, [Bo3] §14.17, §21.11) such that SP0(I) ⊂ ker(α) for all α ∈ I.
SupposeP ⊂ G is any rational parabolic subgroup. Then P isG(Q)-conjugate to a unique
standard parabolic subgroup P0(I). Any choice of conjugating element P = gP0(I)g
−1
gives rise to the same (canonical) isomorphism SP ∼= SP0(I). The elements of ∆ − I give
rise, (by conjugation and restriction to SP) to the set ∆P of simple roots of SP occurring
in NP . The roots α ∈ ∆P are trivial on SG and form a basis for the character module
χQ(S
′
P) = χ
∗(SP/SG)⊗ZQ. Rather than follow the common practice of identifying ∆P with
∆− I we will, for any α ∈ ∆P denote by α0 ∈ ∆ the unique simple root which agrees with
α after conjugation and restriction to SP.
2.4. Two parabolic subgroups. If P ⊂ Q are rational parabolic subgroups then P =
νQ(P) is a rational parabolic subgroup of LQ, with unipotent radical UP = UP/UQ. The
θ-stable lifts of the Levi quotients satisfy LP (x0) ⊂ LQ(x0) and we have a diagram
UQ ⊂ UP ⊂ P ⊂ Qy y y yνQ
1 ⊂ UP/UQ ⊂ P ⊂ LQy y yνP
1 ⊂ 1 ⊂ LP
with νQνP = νP . The inclusion RdQ ⊂ RdP induces an injection SQ →֒ SP which agrees
with the inclusion SP (x0) ⊃ SQ(x0). It follows from (2.4.4) below that the geodesic action
of A′Q on D agrees with the restriction (to A
′
Q ⊂ A
′
P ) of the geodesic action of A
′
P on D (cf.
13
[BS] prop. 3.11). Each α ∈ ∆Q is the restriction to SQ of a unique simple root i(α) ∈ ∆P .
The association i : ∆Q → ∆P is injective, so ∆P is the disjoint union
∆P = i(∆Q)∐ J with SQ =
(⋂
α∈J
ker(α)
)0
. (2.4.1)
Among rational parabolic subgroups containing P, the group Q is determined by the set J ,
and we will write Q = P(J). The subset J ⊂ ∆p of simple roots may be identified with the
set
J = ∆P (2.4.2)
of simple roots ∆P of S
′
P
= SP/SQ occurring in NP = Lie(UP ).
A certain amount of confusion arises from the fact that A′Q has two natural complements in
A′P . One is the identity component A
′
Q′ of the group of real points of the torus S
′
Q′ = SQ′/SG
where
SQ′ =
( ⋂
α∈i(∆Q)
ker(α)
)0
⊂ SP.
Then SQ′ is the (identity component of) the center of the Levi quotient of the largest par-
abolic subgroup Q′ ⊃ P such that Q ∩ Q′ = P, which refer to as the parabolic subgroup
containing P which is complementary to Q. We therefore refer to the complementary de-
composition A′P = A
′
QA
′
Q′. The other complement is
AQP (x0) = A
′
P ∩MQ(x0)
whose Lie algebra aQP is the orthogonal complement to a
′
Q in a
′
P with respect to any Weyl-
invariant inner product on a′P . We will usually identify the quotient AP/AQ = A
′
P/A
′
Q with
this second complement, AQP , and we will refer to the orthogonal decompositions A
′
P = A
′
QA
Q
P
and AP = AQA
Q
P .
The canonical Langlands decompositions of P and Q are related as follows: Set UP (x0) =
ix0(UP/UQ). Note that MP (x0) ⊂MQ(x0) and AQ = A
′
QAG. If
P = UP [A
Q
P (x0)AG]MP (x0) (2.4.3)
is the canonical Langlands decomposition of P , then
P = [UQUP (x0)][AQ(x0)A
Q
P (x0)]MP (x0) (2.4.4)
= UQAQ(x0)[UP (x0)A
Q
P (x0)MP (x0)]. (2.4.5)
The first is the canonical Langlands decomposition of P while the second is the decomposi-
tion of P which is induced from the canonical Langlands decomposition of Q.
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2.5. Boundary strata. Fix a rational parabolic subgroup P ⊂ G. Define
1. the Borel-Serre boundary component eP = D/A
′
P (quotient under geodesic action)
2. the Borel-Serre boundary stratum YP = ΓP\eP
3. the reductive Borel-Serre boundary component
DP = UP\eP = P/KPAPUP = LP/KPAP =MP/KPAG
4. the reductive Borel-Serre boundary stratum XP = ΓP\DP = ΓL(P )\DP .
The projection νP : P → LP induces a projection µ : eP → DP which passes to a projection
µ : YP → XP . Writing YP = ΓP\P/KPAP and XP = ΓL(P )\LP/KPAG, the mapping µ is
just µ(ΓPxKPAP ) = ΓL(P )ν(x)KPAG.
As in [Bo4] §4.2, the Langlands’ decomposition (2.2.1) determines a (basepoint-dependent)
diffeomorphism,
F = FP : UP × A
′
P ×DP → D = P/K
′
P (2.5.1)
by
F (u, a,mKL) = ui(a)i(m)KP (2.5.2)
where u ∈ UP , a ∈ A
′
P , and m ∈ MP . With respect to the coordinates defined by the
diffeomorphism F , the mapping µ is the projection to the third factor. The (left) action of
g ∈ P and the (right) geodesic action of b ∈ A′P on D are given by
g.(u, a,mKL) · b = (guiν(g
−1), νA(g).ab, νM(g).mKL) (2.5.3)
(where u ∈ UP , a, b ∈ A
′
P , and m ∈ MP ), as may be seen by applying the function F to
both sides of this equation. For any fixed b ∈ A′P the set F (UP ×{b} ×DP ) ⊂ D is called a
canonical cross section; it is a single orbit of the group
0P =
⋂
χ
ker(χ2) = UPMP ,
the intersection being taken over all rationally defined characters χ : P→ GL1. The pullback
by F of the canonical Riemannian metric on D is given ([Bo4] §4.3) by the orthogonal sum,
F ∗(ds2) =
∑
β∈Φ
a−2βhβ(z)⊕ da
2 ⊕ ds2M (2.5.4)
where ds2M is the canonical Riemannian metric on DP as determined by the Killing form for
MP , where Φ denotes the set of roots of UP with respect to AP , and hβ(z) is a smoothly
varying metric on the root space uβ.
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2.6. The flat connection. ([GHM] §7.10) For any point x = gK ′P ∈ D with g = uam
decomposed according to (2.2.1), define the submanifold
Mx = FP ({u} × {a} ×DP ) = u.i(a).i(MP )KP ⊂ D (2.6.1)
2.7. Lemma. The manifold Mx is perpendicular to the fibers of the mapping νP : D →
DP . The restriction νP |Mx is an isometry. The submanifolds Mx form the horizontal
submanifolds of a flat connection on the fiber bundle µ : eP → DP , which is independent of
the choice of basepoint and is invariant under the action of ΓP and which therefore passes
to a flat connection on µ : YP → XP .
2.8. Proof. Perpendicularity follows from (2.5.4). Also, by (2.5.4), the mapping νP is an
isometry. Finally the flat connection is ΓP -invariant because by (2.5.3) the action of γ ∈ ΓP
on D is given by
γ · (u, a,mKL) = (γuiν(γ
−1), a, νM(γ).mKL) (2.8.1)
which does not mix the factors.
2.9. Borel-Serre compactification. In this section we recall basic facts from [BS]. Let
P ⊂ G be a rational parabolic subgroup. The elements of ∆P determine a canonical
isomorphism ([BS]§4.2) A′P
∼= (0,∞)∆P which extends to a unique partial compactification,
A
′
P
∼= (0,∞]∆P
So each α ∈ ∆P extends to a homomorphism of semigroups α : A
′
P → (0,∞]. Denote by
A′P (> 1) = {a ∈ A
′
P | α(a) > 1 for all α ∈ ∆P} (2.9.1)
A′P (≥ 1) = {a ∈ A
′
P | α(a) ≥ 1 for all α ∈ ∆P} (2.9.2)
and similarly for A
′
P (> 1) and A
′
P (≥ 1). The Borel-Serre partial compactification D˜ of D is
obtained by adjoining, for each rational parabolic subgroup P ⊂ G the rational boundary
component eP = D/A
′
P as the set of limits of the A
′
P geodesic orbits in D, together with the
Satake topology [Sat] §2 (p. 562), [BS] §7.1, [Z3] §3.7. It is covered by “corners”; the corner
associated to P is
D(P ) = D ×A′
P
A
′
P =
∐
Q⊇P
eQ. (2.9.3)
Then D(P ) is an open P(Q)-invariant neighborhood (in D˜) of the boundary component eP ,
on which P(Q) acts in a continuous and component-preserving way. The diffeomorphism F
of equation (2.5.2) extends to a diffeomorphism of manifolds with corners,
F : U ×AP ×DP ∼= D(P ) (2.9.4)
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The action Tg : D → D of any g ∈ G(Q) extends continuously to a mapping
T˜g : D˜ → D˜ (2.9.5)
which takes the neighborhood D(P ) of eP isomorphically to the neighborhood D(
gP ) of
egP (where
gP = gPg−1). (The proof of this fact is recalled in §6.3, §6.4.) It follows that
the Borel-Serre compactification X˜ = Γ\D˜ is a (compact) manifold with corners, stratified
with one stratum YP = ΓP\eP for each Γ-conjugacy class of rational parabolic subgroups P.
The real analytic structure on D extends to a semi-analytic structure on D˜ and passes to a
subanalytic structure on X˜. Denote by τ˜ : D˜ → X˜ the natural projection.
2.10. Reductive Borel-Serre compactification. The reductive Borel-Serre partial com-
pactification D of D was first described in [Z1] §4.2 p. 190; see also [GHM] §8. It is the
topological space obtained by collapsing each boundary component eP in D˜ to its reductive
quotient DP , (§2.5) together with the quotient topology. (See also [Z3] §3.7.) The geodesic
projection
πP : D → DP (2.10.1)
is the composition D → eP → DP . The closure DP of DP in D is the reductive Borel-
Serre partial compactification of DP . Let µ : D˜ → D denote the quotient mapping: it is
continuous, its restriction to D is the identity, and its restriction to each boundary stratum
agrees with the projection µ : YP → XP of §2.5. Define
D[P ] = µ(D(P )) =
⋃
Q⊇P
DQ (2.10.2)
to be the image of the corner associated to P : it is an open P(Q)-invariant neighborhood
of DP in D on which P(Q) acts in a component-preserving way. The action Tg : D˜ → D˜
(2.9.5) of any g ∈ G(Q) passes to a mapping T g : D → D which takes the neighborhood
D[P ] of DP isomorphically to the neighborhood D[
gP ] of DgP . It follows that the reductive
Borel-Serre compactification
X = Γ\D.
is a compact singular space, canonically stratified with one boundary stratum XP = ΓP\DP
for each Γ-conjugacy class of rational parabolic subgroups P ⊂ G. The closure XP of XP in
X is the reductive Borel-Serre compactification of XP . There are |∆P | maximal boundary
strata XQ such that XQ ⊃ XP , each corresponding to a maximal (rational) parabolic
subgroup Q = P(∆P − {α}) for α ∈ ∆P (cf. §2.4). Then XP is the intersection
XP = ∩QXQ (2.10.3)
of these |∆P | maximal boundary strata.
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It is not difficult to see ([Bo3] §11.7 (iii)) that if P and P′ are G(Q)-conjugate but are
not Γ-conjugate, then
XP ∩XP ′ = φ. (2.10.4)
The identity mapping X → X extends uniquely to a continuous surjection µ : X˜ → X
and the subanalytic structure on X˜ passes to a subanalytic structure on X. Denote by
τ¯ : D → X the projection. Define X(P ) = τ˜ (D(P )) and X [P ] = τ¯(D[P ]). The following
diagram may be useful in helping to sort out these spaces,
eP ⊂ D(P ) ⊂ D˜
τ˜
−−−→ X˜ ⊃ X(P )⊃ YPy y yµ µy y yµ
DP ⊂ D[P ] ⊂ D −−−→
τ¯
X ⊃ X [P ]⊃ XP
(2.10.5)
3. Parabolic neighborhoods and root functions
As in §2,G denotes a connected linear reductive algebraic group defined over Q, D denotes
the associated symmetric space, K ′ = AGK(x0) is the stabilizer in G of a fixed basepoint
x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and X = Γ\D. Although the constructions in
this section refer to the reductive Borel-Serre compactification X of X (and the reductive
Borel-Serre partial compactification D of D), they may just as well be applied to the Borel-
Serre compactification X˜ (and the Borel-Serre partial compactification D˜ of D). Rather
than repeat each statement for both compactifications, we will present the RBS case only.
3.1. Parabolic neighborhoods. Let P ⊂ G be a rational parabolic subgroup. Let α :
D → ΓP\D and β : ΓP\D → Γ\D = X be the projections. We say that an open set V ⊂ D
is Γ-parabolic (with respect to P) if
1. it is invariant under the geodesic action of the semigroup AP (≥ 1) (2.9.2) and
2. if γ ∈ Γ and γV ∩ V 6= φ then γ ∈ Γ ∩ P.
Item (2) means that the covering β : ΓP\D → X is one to one on the set α(V ) so it
takes α(V ) homeomorphically to its image τ¯ (V ) ⊂ X. In this case we will also refer to
α(V ) ⊂ ΓP\D (resp. τ¯(V ) ⊂ X) as Γ-parabolic open sets.
D ⊃ V ⊃ DP
α
y y y
ΓP\D ⊃ α(V ) ⊃ ΓP\DP
β
y y∼= y∼=
X ⊃ τ¯ (V ) ⊃ XP
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Every stratum XP admits a fundamental system of Γ-parabolic neighborhoods. In sec-
tion 4.1 we will review a theorem of Saper [Sa] (thm. 8.1) which states the stronger fact
that the closure XP of each stratum XP ⊂ X admits a fundamental system of Γ-parabolic
neighborhoods.
3.2. Root functions. Let P ⊂ G be a rational parabolic subgroup. Each character α ∈
χ∗Q(S
′
P) determines a mapping
fPα : D → R>0 (3.2.1)
by fPα (F (u, a,mKL)) = α(a) using (2.5.2). The mapping f
P
α is independent of the choice of
basepoint. For any g′ = u′a′m′ ∈ P, any b′ ∈ A′P , and any γ ∈ Γ ∩ P we have
fPα (γg
′x · b′) = α(a′b′)fPα (x). (3.2.2)
If α ∈ ∆P is a simple root, we say f
P
α is a root function. If γ ∈ Γ, P
′ = γPγ−1 and if
α′ ∈ ∆P ′ is the root corresponding to α ∈ ∆P then, for all x ∈ D,
fP
′
α′ (γx) = f
P
α (x). (3.2.3)
The root function fPα : D → (0,∞) extends to a continuous function D[P ]→ (0,∞] (cf §3.5
below) which passes to a function ΓP\D[P ] → (0,∞] whose restriction to any Γ-parabolic
neighborhood U ⊂ X of XP we also denote by
fPα : U → (0,∞]
Similarly the geodesic projection πP : D → DP (cf (2.10.1)) extends continuously to a
projection D(P ) → DP and passes to projections D[P ] → DP and ΓP\D[P ] → ΓP\D
whose restriction to any parabolic neighborhood U ⊂ X we denote by
πP : U → XP (3.2.4)
The following lemma is a straightforward consequence of the definitions.
3.3. Lemma. Let U ⊂ X be a parabolic neighborhood of the stratum XP . Let {xn} ⊂ U be
a sequence of points and let y ∈ XP . The sequence {xn} converges to y in X if and only if
the following hold,
1. πP (xn)→ y in XP and
2. fPα (xn)→∞ for all α ∈ ∆P .
3.4. Suppose Q ⊃ P is another rational parabolic subgroup of G, corresponding, say, to
a subset J ⊂ ∆P with SQ ⊂ ker(α) for all α ∈ J, so that ∆P = i(∆Q) ∐ J as in (2.4.1).
Let P = νQ(P ) ⊂ LQ be the resulting parabolic subgroup of LQ. It acts transitively on the
boundary component DQ.
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Let x ∈ D, say x = uQa
′
QaGuPa
Q
PmPK
′
P is decomposed according to (2.4.5) with aQ =
a′QaG. Then πQ(x) = uPa
Q
PaGmPK
′
P ∈ P/K
′
P = DQ so the following equations hold:
fPα (x) = α(a
′
Qa
Q
P ) for all α ∈ ∆P (3.4.1)
fQβ (x) = i(β)(a
′
Q) for all β ∈ ∆Q (3.4.2)
fPα (πQ(x)) = f
P
α (x) = α(a
Q
P ) for all α ∈ J = ∆P (3.4.3)
since α(a′Q) = 1 for all α ∈ J. From this we may conclude:
3.5. Proposition. For all α ∈ ∆P , the root function f
P
α extends continuously to a function
fPα : D[P ]→ (0,∞] such that, for all x ∈ D we have
fPα (πQ(x)) =
{
fPα (x) for α ∈ J
∞ for α ∈ ∆P − J.
(3.5.1)
The boundary component DQ ⊂ D[P ] is the set of x ∈ D[P ] such that:{
fPα (x) =∞ for all α ∈ ∆P − J
fPα (x) <∞ for all α ∈ J.
(3.5.2)
3.6. Remarks. Of course similar statements apply to the root function fPα : U → (0,∞]
for any parabolic neighborhood U ⊂ X of XP . We think of the “negative gradient” of the
root functions fPα as pointing in the “normal directions” to XP . For α ∈ J, −grad f
P
α points
from XP “into” XQ.
XQ
XQ′
XP XQ
XQ′
XP
Figure 1. Level curves of fPα for α ∈ i(∆Q) and α ∈ J respectively.
Zucker’s vexatious point ([Z1] §3.19) is that for P ⊂ Q and for β ∈ ∆Q, the root functions
fQβ and f
P
i(β) do not necessarily agree: see (3.4.1) and (3.4.2) above. (In fact, they agree
precisely when i(β)(aQP ) = 1, which is to say, when A
′
Q′ and A
′
Q are orthogonal, where
Q′ ⊃ P is the parabolic subgroup complementary to Q.) The nature of the level sets of fQβ
are depicted in Figure 2.
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XQ
XQ′
XP XP ′
Figure 2. Level sets of fQβ
This shortcoming will be circumvented by replacing the root function fPα with Saper’s
partial distance function rPα (associated to a tiling), which is patched together from the
various relevant root functions; cf. (4.3.2).
4. Tilings
In this section we recall a construction of Saper [Sa]. An equivalent construction of
Leuzinger [Le1] could be used instead.
4.1. Tilings of D. As in §2, G denotes a connected linear reductive algebraic group defined
over Q, D denotes the associated symmetric space, K ′ = AGK(x0) is the stabilizer in G of a
fixed basepoint x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and X = Γ\D. Let P1 denote the
set of proper maximal rational parabolic subgroups of G. For each Q ∈ P1 choose bQ ∈ A
′
Q.
The collection b = {bQ} of such choices is called a parameter, the set of which we denote
by B. The parameters are partially ordered with b ≤ c iff αQ(bQ) ≤ αQ(cQ) for all Q ∈ P1,
where ∆Q = {αQ} is the simple root associated with the maximal parabolic subgroup Q.
A choice b ∈ B of parameter determines, for any rational parabolic subgroup P ⊂ G a
unique element bP ∈ A
′
P such that, for each rational maximal parabolic subgroup Q ⊃ P,
the element bP b
−1
Q lies in A
Q
P (cf §2.4). In other words, log(bQ) is the orthogonal projection
of log(bP ) ∈ a
′
P with respect to any Weyl-invariant inner product on a
′
P .
Recall from [Sa] that a tiling with parameter b ∈ B is a cover of the reductive Borel-Serre
partial compactification
D =
∐
P∈P
DP (4.1.1)
by disjoint sets (called tiles) such that
1. The central tileD0 = DG is a closed, codimension 0 submanifold with corners contained
in D. Its closed boundary faces {∂PD0} are indexed by P ∈ P with P ⊂ Q ⇐⇒
∂PD0 ⊂ ∂QD0.
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2. Each boundary face ∂PD0 is contained in the “cross section” F (UP ×{bP}×DP ) where
F is defined in (2.5.2).
3. Each tile DP = ∂PD0 · AP (> 1) is obtained from ∂
PD0 by flowing out under the
geodesic action of the cone AP (> 1) (cf (2.9.1))
For any rational parabolic subgroup Q, the intersections {DP ∩DQ} (over all rational par-
abolic subgroups P ⊆ Q) form a tiling of the reductive Borel-Serre partial compactification
DQ, whose central tile we denote by
D0Q = D
Q ∩DQ. (4.1.2)
Then the tile DQ is given by
DQ = {x ∈ D[Q] ⊂ D| πQ(x) ∈ D
0
Q and f
Q
α (x) > α(bQ) ∀α ∈ ∆Q} (4.1.3)
and
∂QD0 = {x ∈ D| πQ(x) ∈ D
0
Q and f
Q
α (x) = α(bQ)∀α ∈ ∆Q}. (4.1.4)
A tiling, if it exists, is uniquely determined by its parameter b ∈ B, in which case we
say that the parameter is regular. The parameter b is Γ-invariant if, for all γ ∈ Γ, we have
bγQγ−1 = aγQγ−1(γx0)bQ. The tiling {D
Q} is Γ-invariant if γDP = DγPγ
−1
for all γ ∈ Γ. A
tiling is Γ-invariant if and only if its parameter b is Γ-invariant ([Sa] Corollary 2.7). In ([Sa]
Thm. 10.1) Saper proves the following.
4.2. Theorem. If the tiling parameter b ∈ B is chosen sufficiently large (with respect to
the above partial ordering) and Γ-invariant, then there exists a unique tiling with parameter
b ∈ B, and it is Γ-invariant. Moreover, for any Q ∈ P the union
T (DQ) =
∐
P⊆Q
DP (4.2.1)
is an open ΓQ-invariant parabolic neighborhood of DQ in D which may be made arbitrarily
small by choosing the parameter b sufficiently large.
Henceforth we shall refer to such a parameter as regular and sufficiently large. Denote the
closure of T (DQ) by T (DQ), and the boundary by ∂T (DQ) = T (DQ) − T (DQ). Following
[Sa] Thm. 8.1 (ii), for each α ∈ ∆Q, define the partial distance function r
Q
α : T (DQ)→ [0, 1)
by
rQα (x) =
{
fQα (x)
−1α(bQ) for x ∈ TQ
fPi(α)(x)
−1i(α)(bP ) for x ∈ TP
(4.2.2)
(where P ⊂ Q and where i : ∆Q →֒ ∆P is the inclusion (2.4.1)).
4.3. Lemma. The following statements hold.
1. The mapping rQα : T (DQ)→ [0, 1] is well-defined, continuous, and piecewise analytic.
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2. For all α ∈ ∆Q, the geodesic action by t ∈ AQ(≥ 1) satisfies
rQα (x · t) = r
Q
α (x)α(t)
−1 (4.3.1)
whenever x ∈ T (DQ).
3. If x ∈ T (DQ) then
x ∈ DQ ⇐⇒ r
Q
α (x) = 0 for all α ∈ ∆Q
x ∈ ∂T (DQ) ⇐⇒ r
Q
α (x) = 1 for some α ∈ ∆Q.
4. If γ ∈ Γ ∩Q then rQα (γx) = r
Q
α (x).
5. If γ ∈ Γ and Q′ = γQγ−1 and if α′ ∈ ∆Q′ is the simple root corresponding to α ∈ ∆Q
then
rQ
′
α′ (γx) = r
Q
α (x).
6. If P ⊂ Q and if ∆P = i(∆Q) ∐ J as in (2.4.1) then, for all α ∈ ∆Q and for all
x ∈ T (DP ) ⊂ T (DQ) we have
rPi(α)(x) = r
Q
α (x). (4.3.2)
4.4. Proof. As in §2.4, write A′P = A
′
QA
Q
P with a
′
Q the orthogonal complement to a
Q
P in
a′P . So the elements bP and bQ determined by the parameter b satisfy bP = bQb
Q
P for some
bQP ∈ A
Q
P . Now suppose that x = uQa
′
QaGuPa
Q
PmPKP ∈ P/KP = D is decomposed according
to (2.4.5). Set a′P = a
′
Qa
Q
P ∈ A
′
P . If x ∈ ∂
PD0 then by property (2), a′P = bP , that is, a
′
Q = bQ
and aQP = b
Q
P . Flowing out under the geodesic action of A
′
Q we see that x ∈ TP ∩ TQ ∩ D
implies that aQP = b
Q
P . For such a point x and for each α ∈ ∆Q, we have
fPi(α)(x)
−1i(α)(bP ) = i(α)(aQa
Q
P )
−1i(α)(bQb
Q
P )
= α(a−1Q bQ) = f
Q
α (x)
−1α(bQ)
which shows that both equations agree on their common domain of definition, proving (1).
By continuity, it suffices to prove (2) for points x ∈ T (DQ). The geodesic action by
t ∈ AQ(≥ 1) preserves the tiles in T (DQ) so (2) may be checked tile by tile. If x ∈ D
Q then
fQα (x · t) = f
Q
α (x)α(t) by (3.2.2). If x ∈ D
P for some P ⊂ Q, write ∆P = i(∆Q) ∐ J as in
(2.4.1), note that AQ(≥ 1) ⊂ AP (≥ 1) and compute, for α ∈ ∆Q,
fPi(α)(x · t) = f
P
i(α)(x)i(α)(t) = f
P
i(α)(x)α(t)
which proves the second statement. Part (3) follows from (3.2.2) for points x ∈ TQ and
from (3.2.3) for points x ∈ T P . Part (4) follows from Lemma 3.3 for points x ∈ TQ and
from (3.5.1) for points x ∈ T P . Part (5) follows from (3.2.3) and part (6) is an immediate
consequence of the definition.
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4.5. Tiling of X. Suppose b ∈ B is a sufficiently large regular parameter and (4.1.1) is
the associated Γ-invariant tiling. Let τ¯ : D → X denote the projection to the reductive
Borel-Serre compactification of X = Γ\D. If P,P′ are rational parabolic subgroups of G
then either τ¯(DP ) ∩ τ¯ (DP
′
) = φ or else they coincide. Hence the collection of images
XP = τ¯ (DP )
form a decomposition of X whose “tiles” are indexed by the set of Γ-conjugacy classes of
rational parabolic subgroups of G. Let X0P = X
G = τ¯ (D0P ) be the “central tile.” Denote by
T (XP ) = τ¯
(
T (DP )
)
=
∐
{R}⊆P
XR (4.5.1)
the resulting neighborhood of XP in X , and by ∂T (XP ) = T (XP )− T (XP ) its boundary.
(Here, R runs through a set of representatives, one from each Γ-conjugacy class {R} of
parabolic subgroups contained in P ). For all α ∈ ∆P the functions r
P
α pass to piecewise
analytic functions on T (XP ), which we also denote by r
P
α .
XQ
XQ′ XQ
XQ
′
X0
XP XP ′
XP XP
′
Figure 3. Tiles
XQ
XQ′
XP XP ′
Figure 4. Level sets of rQα .
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4.6. Retraction and exhaustion. Saper proves ([Sa] §6.1) that there exists a unqiue Γ-
equivariant continuous and piecewise analytic “geodesic” retraction R : D → D0 which is
the identity on D0 such that, for all y ∈ DP and for all t ∈ AP (≥ 1) the following holds:
R(y · t) = R(y). (4.6.1)
Then R preserves tiles and it passes to a retraction which we also denote by R : X → X0;
it has the same property (4.6.1).
Define W : X → [0, 1] by
W (x) =
1 if x ∈ X
0
sup
α∈∆Q
{1− rQα (x)} if x ∈ X
Q
We refer to W as an exhaustion function because
W−1(0) = X0 and W−1(1) = X −X.
The function W is continuous (and piecewise analytic): If P ⊂ Q, write ∆P = i(∆Q)∐ J as
in (2.4.1). Let P = νQ(P ) ⊂ LQ be the resulting parabolic subgroup of LQ; then ∆P = J.
If x ∈ X
P
∩X
Q
then πQ(x) ∈ X
P
Q ∩X
0
Q so r
P
α (x) = r
P
α (πQ(x)) = 1 for all α ∈ J as in §3.4.
Hence
sup
α∈∆P
{1− rPα (x)} = sup
α∈∆Q
{1− rQα (x)}.
For each boundary stratum XQ the same constructions define a tile-preserving retraction
RQ : XQ → X
0
Q (4.6.2)
and an exhaustion function WQ : XQ → [0, 1] with W
−1
Q (0) = X
0
Q and W
−1
Q (1) = XQ −XQ.
In fact, the stratum closure XQ is tiled by the collection of intersections X
P
Q = XQ ∩ X
P
for P ⊆ Q and
WQ(x) =
1 if x ∈ X
0
Q
sup
α∈J
{1− rPα (x)} if x ∈ X
P
Q
(4.6.3)
where ∆P = i(∆Q)∐ J.
4.7. Remarks. We risk a certain amount of confusion by having defined rPα (x) so as to
decrease as x → XP whereas the root function f
P
α (x) increases as x → XP . Although
Saper [Sa] actually constructs a tiling of the Borel-Serre compactification X˜ the same
approach gives a tiling of the reductive Borel-Serre compactification X . The collection
{T (XP ), πP , rP = maxα∈∆P {r
P
α }} of tubular neighborhoods, tubular projections, and tubu-
lar distance functions are very much like a “system of control data” [Ma, Gi, GM3] for the
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stratified space X , but there are several important differences. The functions rP are con-
tinuous and piecewise analytic but are not smooth. Whenever Q ⊆ P we have πQπP = πQ
however we do not have rQπP = rQ. For this price we gain an especially strong form of
“local triviality” for the stratification of X : the neighborhood T (XP ) is (homeomorphic to)
a mapping cylinder neighborhood of the closure of the stratum XP . In fact, it is possible to
use the various geodesic actions to construct a (piecewise analytic) homeomorphism between
T (XP ) and the (open) mapping cylinder of the projection πP : ∂T (XP )→ XP . (The open
mapping cylinder of a mapping π : A → B is the quotient (A × [0, 1)
∐
B)/ ∼ under the
relation (a, 0) ∼ π(a).) Analogous statements for other Satake compactifications (such as
the Baily-Borel compactification) are false.
5. A Little Shrink
5.1. As in §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K ′ = AGK(x0) is the stabilizer in G of a fixed
basepoint x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and X = Γ\D. In this section we
construct a homeomorphism X → X which moves a neighborhood of the boundary towards
the boundary. When composed with a Hecke correspondence, this will have the effect of
chopping the fixed point set into pieces, each of which is contained in a single stratum of
X. The resulting behavior is much easier to analyze. This “shrink” homeomorphism may
be considered to be a topological analog to Arthur’s truncation procedure.
5.2. Let Q ∈ P1 be a standard proper maximal rational parabolic subgroup of G. Fix
t ∈ A′Q(> 1) so α(t) > 1, where α ∈ ∆Q is the unique simple root. The geodesic action of
t on D extends continuously to the neighborhood D[Q] of DQ in the reductive Borel-Serre
partial compactification D of D. This geodesic action even extends continuously to the
neighborhood
D{Q} =
⋃
P⊂Q
D[P ]
of the closure DQ (where the union is taken over all rational parabolic subgroups P ⊂ G
which are contained in Q). For if P ⊂ Q then there is a canonical inclusion i : AQ → AP .
The geodesic action of the image i(t) ∈ AP agrees with the geodesic action of t ∈ AQ, so
it also extends continuously to D[P ]. We continue to denote this action by x 7→ x · t for
x ∈ D{Q}.
Now fix a sufficiently large Γ-invariant regular parameter b ∈ B with its resulting tiling
(4.1.1) and partial distance functions (4.2.2) satisfying Lemma 4.3. Let T (DQ) ⊂ D{Q}
denote the neighborhood of DQ (4.2.1) consisting of the union of all tiles which intersect
DQ nontrivially, and let T (DQ) denote its closure. The geodesic action by t ∈ A
′
Q(> 1)
preserves T (DQ) since α(t) > 1.
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Fix once and for all a smooth non-increasing function ρ : [0, 1]→ [0, 1] with ρ(r) = 1 ⇐⇒
r ≤ 1
2
and with ρ(r) = 0 ⇐⇒ r = 1.
✲
✻
r
ρ(r)
1
2
1
1
Figure 5. The function ρ
Let rQα : T (DQ)→ [0, 1) be the partial distance function (4.2.2) which corresponds to the
unique simple root α ∈ ∆Q. For t ∈ A
′
Q(> 1) define Sh(Q, t) : T (DQ)→ T (DQ) by
Sh(Q, t)(x) = x · tρ(r
Q
α (x)). (5.2.1)
Then by (3.2.2) and (4.3.1),
rQα (Sh(Q, t)(x)) = r
Q
α (x)α(t)
−ρ(rQα (x)) (5.2.2)
fQα (Sh(Q, t)(x)) = f
Q
α (x)α(t)
ρ(rQα (x)) (5.2.3)
for all x ∈ T (DQ). The quantity α(t)
ρ(rQα (x)) is bounded between 1 and α(t). It equals 1 if
and only if x ∈ ∂T (DQ), that is, if and only if r
Q
α (x) = 1.
If Q′ is another maximal rational parabolic subgroup of G, let us write Q′ ∼ Q if Q′ is
G(Q) conjugate to Q. In this case, any choice g ∈ G(Q) of conjugating element induces
the same isomorphism SQ ∼= SQ′ so we obtain a corresponding t
′ ∈ A′Q′ and a corresponding
mapping Sh(Q′, t′) : T (DQ′) → T (DQ). Patching these homeomorphisms together, define
the shrink ShQ(t) : D → D corresponding to conjugates of the standard parabolic subgroup
Q by
ShQ(t)(x) =
{
Sh(Q′, t′)x if x ∈ T (DQ′) for some Q
′ ∼ Q
x otherwise
Then ShQ(t) is well defined and continuous because T (DQ′)∩T (DQ) = φ whenever Q
′ ∼ Q
(and Q′ 6= Q), cf.[Bo3] §11.17 (iii). Moreover, if γ ∈ Γ then
ShQ(t)(γx) = γShQ(t)(x)
by Lemma 4.3. So (dividing by Γ), the homeomorphism ShQ(t) passes to a homeomorphism
which we denote in the same way, ShQ(t) : X → X.
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5.3. Suppose P ⊆ Q is a rational parabolic subgroup of G; set ∆P = i(∆Q) ∐ J as in
(2.4.1). It follows from (4.3.1) that for all β ∈ J and for all x ∈ T (DP ) we have
rPβ Sh(Q, t)(x) = r
P
β (x) (5.3.1)
since β(t) = 1 for any β ∈ J. Now suppose Q1,Q2 are two standard maximal rational
parabolic subgroups of G whose intersection P = Q1 ∩Q2 is parabolic. Let αi ∈ ∆(Qi) be
the unique nonzero roots. Choose ti ∈ A
′
i = A
′
Qi
with αi(ti) > 1 and let
Shi = Sh(Qi, ti) : T (DQi)→ T (DQi)
denote the resulting two shrinks. It follows by taking P = Q1 ∩ Q2 in (5.3.1) that the
mappings Sh1 and Sh2 commute on their common domain of definition,
T (DP ) = T (DQ1) ∩ T (DQ2).
5.4. Let P0 ⊂ G be the standard minimal rational parabolic subgroup with S
′
0 = SP0/SG
and with simple roots ∆ = {α1, α2, . . . , αr} numbered in any order. Each j (with 1 ≤ j ≤ r)
corresponds to a standard maximal proper rational parabolic subgroup Qj with split torus
S′j = SPj/SG and identity component A
′
j = S
′
j(R)
0. Choose t ∈ A′0 to be dominant and
regular. In other words, with respect to the canonical complementary decomposition (cf
2.4) A′0 =
∏
j A
′
j (with ker(αj) =
∏
i 6=j S
′
i) we may write t = t1t2 . . . tr where tj ∈ A
′
j and
αj(tj) = αj(t) > 1. Define Sh(t) : D → D to be the composition
Sh(t) = ShQ1(t1) ◦ ShQ2(t2) ◦ . . . ◦ ShQr(tr)
where each ShQj(tj) : D → D is the shrink defined above, corresponding to conjugates of
the standard parabolic subgroup Qj.
5.5. Proposition. The mapping Sh(t) : D → D is independent of the ordering ∆ =
{α1, α2, . . . , αr} of the simple roots. It is a Γ-equivariant homeomorphism and passes to a
homeomorphism Sh(t) : X → X with the following properties:
1. It preserves the tiles and the strata, that is, for each rational parabolic subgroup P ⊆ G,
we have Sh(t)(XP ) = XP and Sh(t)(XP ) = XP .
2. Within each tile, it is given by a geodesic action: for each x ∈ XP there exists b = bx ∈
AP (≥ 1) so that Sh(t)(x) = x · b.
3. It is the identity on each central tile X0P and πP (Sh(t)(x)) = πP (x) ∈ X
0
P for all
x ∈ XP .
4. It commutes with the geodesic projection, that is, for any rational parabolic subgroup
P ⊂ G and for each x ∈ T (XP ) we have πP (Sh(t)(x)) = Sh(t)(πP (x)).
5. It is (globally) homotopic to the identity.
6. For any rational parabolic subgroup P ⊂ G and for each α ∈ ∆P and for each x ∈
T (XP ), by equation (5.2.2) we have:
rPα (Sh(t)(x)) = r
P
α (x)α0(t)
−ρ(rPα (x)) (5.5.1)
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where α0 ∈ ∆ is the unique root which agrees with α after conjugation and restriction
to SP. If x ∈ X
P is constrained to lie in the single tile XP then also
fPα (Sh(t)(x)) = f
P
α (x)α0(t)
ρ(rPα (x)) (5.5.2)
We remark that the mapping Sh(t) does depend on the choice of regular parameter (which
determines the size of the tiles).
6. Morphisms and Hecke correspondences
6.1. As in §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, and K ′ = AGK(x0) is the stabilizer in G of a
fixed basepoint x0 ∈ D. Let Γ,Γ
′ ⊂ G(Q) be arithmetic subgroups and set X = Γ\D and
X ′ = Γ′\D.
6.2. Definition. A mapping f : X ′ → X is a morphism if there exists g ∈ G(Q) such that
1. gΓ′g−1 ⊂ Γ
2. [Γ : gΓ′g−1] <∞
3. f(Γ′xK ′) = ΓgxK ′ for any x ∈ G.
The morphism f is determined by the pair (Γ′, g) by (3); it is well defined by (1). For any
γ ∈ Γ, γ′ ∈ Γ′ the pair (Γ′, γgγ′) determine the same morphism. If Γ is torsion-free then f
is an unramified covering of degree [Γ : gΓ′g−1] and it is locally an isometry with respect to
the invariant Riemannian metrics on X ′ and X induced from the Killing form. Denote by
Mor(X ′, X) the set of morphisms X ′ → X.
6.3. Lemma. Each morphism f ∈ Mor(X ′, X) admits unique continuous extensions f˜ :
X˜ ′ → X˜ to the Borel-Serre compactification and f : X
′
→ X to the reductive Borel-Serre
compactification. The mappings f˜ and f are finite, and they restrict to morphisms on each
boundary stratum. If f(X ′P ) = XQ, if U and U
′ are Γ′ and Γ-parabolic neighborhoods of X ′P
and XQ in X
′
and X respectively, then
f(πP (x)) = πQ(f(x)) (6.3.1)
for all x ∈ U ′ ∩ f
−1
(U).
We say that a mapping X
′
→ X is a morphism if it is the unique continuous extension of
some f ∈ Mor(X ′, X).
6.4. Proof of Lemma 6.3. Suppose the morphism f : X ′ → X is given by the pair (Γ′, g).
Let Tg : D → D denote the action of g on D. It moves the basepoint x0 to a new basepoint
x1 = gx0 with stabilizer K
′(x1) =
gK ′ = gK ′g−1. If P is a rational parabolic subgroup and
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if Q = gP = gPg−1 set K ′P (x0) = K
′ ∩ P and K ′Q(x1) = K
′(x1) ∩ Q. Then Tg may also be
described as the mapping
D = P/K ′P (x0)→ Q/K
′
Q(x1) = D (6.4.1)
which is given by xK ′P (x0) 7→ gxg
−1K ′Q(x1) by (2.1.3). This intertwines the geodesic actions
of A′P and A
′
Q, that is,
Tg(x · a) = gxg
−1gix0(a)g
−1K ′Q(x1) = gxg
−1ix1(aˆ)K
′
Q(x1) = Tg(x) · aˆ (6.4.2)
where a 7→ aˆ is the canonical identification A′P
∼= A′Q of §2.3. It follows that Tg extends to a
mapping T˜g : D˜ → D˜ on the Borel-Serre partial compactification, which takes the boundary
component eP = P/K
′
PA
′
P to eQ = Q/K
′
QA
′
Q by conjugation and satisfies
πQT˜g(x) = T˜g(πP (x)). (6.4.3)
The mapping T˜g passes to a mapping f˜ : Γ
′\D˜ → Γ\D˜ which is the desired extension. It
maps Y ′P = Γ
′
P\eP to YQ = ΓQ\eQ by f˜(Γ
′
PxK
′
P (x0)A
′
P ) = ΓQgxg
−1K ′Q(x1)A
′
Q, which is a
mapping of degree [ΓQ : gΓ
′
Pg
−1] < ∞. (Here, Q = gP.) The extension f˜ may map several
strata of X˜ ′ to a single stratum of X˜ : let Q1,Q2, . . . ,Qm be a set of representatives for the
gΓ′-conjugacy classes of rational parabolic subgroups which are Γ-conjugate to Q, and set
Pj = g
−1Qjg. Then f˜ maps each stratum Y
′
Pj
⊂ X˜ ′ to the stratum YQ ⊂ X˜ by a morphism
which may be described in a manner similar to (6.4.1). This shows that f˜ is finite and that
its restriction to each boundary stratum is a morphism.
Similarly the mapping T˜g passes to a mapping T g : D → D on the reductive Borel-Serre
compactification of D, which further passes to a mapping f : Γ′\D → Γ\D. Then f maps
X ′P = Γ
′
P\P/KPAPUP to XQ = ΓQ\Q/KQAQUQ by
f(Γ′PxKP (x0)APUP ) = ΓQgxg
−1KQ(x1)AQUQ.
The degree of this mapping is not obviously finite because the intersection Γ′P ∩ UP is
nontrivial. By (2.1.2) conjugation by g takes LP (x0) to LQ(x1). Let KL(P )(x0)AP be the
stabilizer in LP of the basepoint πP (x0) ∈ DP and let KL(Q)(x1)AQ be the stabilizer in LQ
of the basepoint πQ(x1) ∈ DQ. Set Γ
′
L(P ) = νP (Γ
′
P ) ⊂ LP and ΓL(Q) = νQ(ΓQ) ⊂ LQ. Then
X ′P = Γ
′
L(P )\LP/KL(P )(x0)AP and XQ = ΓL(Q)\LQ/KL(Q)(x1)AQ with respect to which we
may express f as follows:
f(Γ′L(P )xKL(P )(x0)AP ) = ΓL(Q)gxg
−1KL(Q)(x1)AQ
which has degree [ΓL(Q) : gΓ
′
L(P )g
−1] < ∞. As in the preceding paragraph, the mapping f
will take each of the finitely many strata X ′Pj to the stratum XQ (for 1 ≤ j ≤ m) by a
similarly defined finite morphism.
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6.5. Definition. A correspondence on X = Γ\G/K ′ is an arithmetic subgroup Γ′ ⊂ G(Q)
together with two morphisms c1, c2 ∈ Mor(C,X), where C = Γ
′\D. A point x ∈ C is fixed
if c1(x) = c2(x). Two correspondences (c1, c2) : C ⇒ X and (c
′
1, c
′
2) : C
′
⇒ X are said to be
isomorphic if there is an invertible morphism α : C → C ′ such that c′j ◦α = cj (for j = 1, 2).
Each g ∈ G(Q) gives rise to a Hecke correspondence C = C[g] ⇒ X as follows: set
Γ[g] = Γ ∩ g−1Γg, C = Γ[g]\G/K ′, and define
(c1, c2)(Γ[g]xK
′) = (ΓxK ′,ΓgxK ′). (6.5.1)
Modifying g by an element of SG(Q) does not change the Hecke correspondence. By
Lemma 6.3 each correspondence C ⇒ X has a unique continuous extension C ⇒ X to the
reductive Borel-Serre compactification, and each isomorphism α : C → C ′ of correspon-
dences C ⇒ X , C ′ ⇒ X extends uniquely to an isomorphism C → C
′
of the extended
correspondences.
6.6. Lemma. Let X = Γ\D and let g ∈ G(Q). The isomorphism class of the resulting
Hecke correspondence C = C[g]⇒ X depends only on the double coset ΓgΓ ∈ Γ\G(Q)/Γ.
6.7. Proof. If suffices to verify the statement for the correspondence C ⇒ X since the
extension to the reductive Borel-Serre compactification exists uniquely. Let γ1, γ2 ∈ Γ and
let g′ = γ1gγ2 be another element in the same double coset ΓgΓ. Set Γ[g
′] = Γ∩g′−1Γg′, C ′ =
Γ[g′]\G/K ′, and define (c′1, c
′
2) : C
′
⇒ X by c′1(Γ[g
′]xK ′) = ΓxK ′, c′2(Γ[g
′]xK ′) = Γg′xK ′.
One verifies by direct calculation that the morphism f : C ′ → C which is given by
f(Γ[g′]xK ′) = Γ[g]γ2xK
′ (6.7.1)
is a well-defined isomorphism of correspondences, with inverse given by f−1(Γ[g]xK ′) =
Γ[g′]γ−12 xK
′.
6.8. Remark. It can be shown that the mapping (c1, c2) : C → X ×X is generically one-
to-one. In the event that every element of g−1ΓgΓ is neat, then this mapping is globally an
embedding.
In the next section we will show that every correspondence is a covering of a Hecke
correspondence.
6.9. Proposition. Let Γ′ ⊂ G(Q) be an arithmetic subgroup, C ′ = Γ′\D and (c′1, c
′
2) : C
′
⇒
X be a correspondence. Then there is a Hecke correspondence (c1, c2) : C[g] ⇒ X and a
subgroup Γ′′ ⊂ Γ[g] such that the correspondence C ′ ⇒ X is isomorphic to the correspondence
C ′′
h
−−−→ C[g]⇒ X (6.9.1)
where C ′′ = Γ′′\G/K and h(Γ′′xK) = Γ[g]xK.
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6.10. Proof. Suppose c′1(Γ
′xK ′) = Γg1xK
′ and c′2(Γ
′xK ′) = Γg2xK
′ where gjΓ
′g−1j ⊂Γ are
subgroups of finite index. Then g = g2g
−1
1 determines a Hecke correspondence C[g] =
Γ[g]\D ⇒ X . Define Γ′′ = g1Γ
′g−11 and C
′′ = Γ′′\D. Since Γ′′ ⊂ Γ[g] we obtain a correspon-
dence in “standard form”,
C ′′
h
−−−→ C[g]⇒ X (6.10.1)
with h(Γ′′xK ′) = Γ[g]xK ′. Define f : C ′ → C ′′ by f(Γ′xK ′) = Γ′′g1xK
′. Then f is well
defined, and it is easily seen to be an isomorphism of correspondences.
6.11. Narrow tilings. Let (c1, c2) : C ⇒ X be a Hecke correspondence defined by some
element g ∈ G(Q), so C = Γ′\D with Γ′ = Γ ∩ g−1Γg. Let b ∈ B be a sufficiently large
Γ-invariant regular parameter. Then it is also Γ′-invariant, it gives rise to tilings {CQ} of
C and {XQ} of X, and the mapping c1 : C → X takes tiles to tiles (although the same
cannot necessarily be said of c2). Let us say this tiling is narrow with respect to the Hecke
correspondence if, for every stratum CQ of C, the following holds:
c1(T (CQ)) ∩ c2(T (CQ)) 6= φ ⇐⇒ c1(CQ) = c2(CQ)
and if, in this case, c1(T (CQ)) ∪ c2(T (CQ)) is a Γ-parabolic neighborhood of XQ in X.
6.12. Proposition. Fix a Hecke correspondence C ⇒ X. If the Γ-invariant regular param-
eter b ∈ B is chosen sufficiently large then the resulting tiling {CQ} of C is narrow for that
Hecke correspondence.
6.13. Proof. Let CQ be a stratum of C and suppose c1(CQ) = XP and c2(CQ) = XP ′. Then
Q is Γ-conjugate to P while gQg−1 is Γ-conjugate to P′ (cf. Lemma 7.4). In particular,
P and P′ are G(Q)-conjugate, which implies that either XP = XP ′ (and P = P
′) or
XP ∩XP ′ = φ (2.10.4). In the latter case there exist neighborhoods U of XP and U
′ of XP ′
which do not intersect. Choose the tiling parameter so large that T (CQ) ⊂ c
−1
1 (U)∩c
−1
2 (U
′).
Since there are finitely many strata CQ in C, this amounts to finitely many conditions on the
tiling parameter. Similarly, if c1(CQ) = c2(CQ) = XQ, choose any parabolic neighborhood
U ⊂ X of XQ and then choose the tiling so small that T (CQ) ⊂ c
−1
1 (U) ∩ c
−1
2 (U). This will
guarantee that c1(T (CQ)) ∪ c2(T (CQ)) will be a Γ-parabolic set in X.
7. Restriction to the boundary
7.1. Parabolic Hecke correspondence. As in §2, G denotes a connected linear reductive
algebraic group defined over Q, D denotes the associated symmetric space, K ′ = AGK(x0)
is the stabilizer in G of a fixed basepoint x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group
and X = Γ\D. Fix a rational parabolic subgroup P ⊂ G and let XP = ΓP\DP ⊂ X
be the corresponding stratum in the reductive Borel-Serre compactification of X . Each
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y ∈ P(Q) determines a correspondence on a P(Q)-invariant neighborhood of XP which we
now describe. Set Γ′P = ΓP [y] = ΓP ∩ y
−1ΓP y. Define the parabolic Hecke correspondence
(c1, c2) : Γ
′
P\D[P ]⇒ ΓP\D[P ] (7.1.1)
determined by y ∈ P(Q) to be the unique continuous extension of the correspondence
Γ′P\D ⇒ ΓP\D which is given by
Γ′PxK
′
P 7→ (ΓPxK
′
P ,ΓP yxK
′
P ) (7.1.2)
where we identify D = P/K ′P . It follows from (6.4.2) (by taking P = Q) that this corre-
spondence commutes with the geodesic action of A′P , that is,
ci(x · a) = ci(x) · a (7.1.3)
(for i = 1, 2) for any x ∈ Γ′P\D[P ] and for any a ∈ A
′
P . Therefore the parabolic Hecke
correspondence preserves the corner structure near CP , that is, if Q ⊃ P is a rational
parabolic subgroup then each mapping ci takes the stratum Γ
′
P\DQ ⊂ Γ
′
P\D[P ] to the
stratum ΓP\DQ ⊂ ΓP\D[P ].
There is also an associated (global) correspondence, C = Γ′\D ⇒ X = Γ\D (where
Γ′ = Γ ∩ y−1Γy). If V ⊂ D[P ] ⊂ D is a Γ-parabolic neighborhood of DP then it is
also a Γ′-parabolic neighborhood of DP , as is y
−1 · V. Hence V ∩ y−1V is also a Γ′-parabolic
neighborhood ofDP . It follows that, if U ⊂ ΓP\D[P ] ⊂ ΓP\D is a Γ-parabolic neighborhood
of XP then U
′ = c−11 (U) ∩ c
−1
2 (U) ⊂ Γ
′
P\D is a Γ
′-parabolic neighborhood of CP = Γ
′
P\DP .
We will say that any correspondence isomorphic to such a U ′ ⇒ U ismodeled on the parabolic
Hecke correspondence (7.1.1).
U ′ ⊂ Γ′P\D[P ] ⇒ ΓP\D[P ] ⊃ U
||
⋂ ⋂
||
U ′ ⊂ Γ′P\D ⇒ ΓP\D ⊃ U
∼=
y yβ′ yβ y∼=
U ′ ⊂ C ⇒ X ⊃ U
7.2. Now suppose g ∈ G(Q) gives rise to the Hecke correspondence C = C[g] ⇒ X with
its canonical extension (c1, c2) : C ⇒ X, where C = Γ[g]\D as in §6.5.1. If P is a rational
parabolic subgroup of G and if XP denotes the corresponding RBS stratum, then we may
consider the part c−11 (XP ) of C which lies over this stratum. It will consist of several RBS
boundary strata CQ of C. Some of these boundary strata may be mapped back to XP by
the mapping c2. In this case, we shall say that the Hecke correspondence C has a restriction
to XP consisting of the union of those boundary strata CQ such that (c1, c2)|CQ : CQ ⇒ XQ.
7.3. Proposition. Let Γ ⊂ G(Q) be a neat arithmetic group. Let (c1, c2) : C = C[g]⇒ X
be the Hecke correspondence which is determined by an element g ∈ G(Q). Let P be a
33
rational parabolic subgroup of G, with corresponding boundary stratum XP ⊂ X. Decompose
the intersection ΓgΓ ∩ P into a union of ΓP -double cosets,
ΓgΓ ∩ P =
m∐
j=1
ΓP gjΓP (7.3.1)
with gj ∈ P(Q). Then m <∞ and, over a sufficiently small parabolic neighborhood of XP ,
the Hecke correspondence C ⇒ X breaks into a disjoint union of m correspondences which
are given by gj and which are modeled on the parabolic Hecke correspondences
ΓP [gj ]\D[P ]⇒ ΓP\D[P ]
for j = 1, 2, . . . , m, where ΓP [gj ] = Γ ∩ g
−1
j Γgj ∩ P.
(A similar procedure is described in the adelic setting in [H].) The proof will take the
rest of §7. First we establish a one to one correspondence between the components of the
restriction of the Hecke correspondence to XP and the double cosets which appear in (7.3.1).
Let ΓPyΓP ⊂ ΓgΓ ∩ P be a double coset from (7.3.1). Write y = γ2gγ1 for some γ1, γ2 ∈ Γ.
Define
Ξ(ΓP yΓP ) = γ1Pγ
−1
1 = g
−1γ−12 Pγ2g. (7.3.2)
7.4. Lemma. The mapping Ξ gives a well defined one to one correspondence between
(a) Double cosets ΓPyΓP ⊂ ΓgΓ ∩ P
(b) Γ[g]-conjugacy classes of rational parabolic subgroups Q = Ξ(ΓP yΓP ) ⊂ G such that
(i) Q is Γ-conjugate to P and
(ii) gQg−1 is Γ-conjugate to P
(c) Boundary strata CQ ⊂ C such that (c1, c2) : CQ ⇒ XP .
In particular, this set is finite.
7.5. Proof of lemma 7.4. First compare the sets (b) and (c). The boundary strata in C
′
are in one to one correspondence with Γ[g]-conjugacy classes of rational parabolic subgroups
of G, while the boundary strata in X are in one to one correspondence with Γ conjugacy
classes of rational parabolic subgroups. Condition (i) is equivalent to the statement that c1
maps CQ to XP while condition (ii) is equivalent to the statement that c2 maps CQ to XP .
Now verify that the mapping Ξ is well defined, i.e. that the Γ[g]-conjugacy class of
Ξ(ΓP gjΓP ) = γ1Pγ
−1
1 is independent of the choices. Let y
′ = γ′2gγ
′
1 ∈ ΓP gjΓP be an-
other element in the same double coset, and set Q′ = γ′1P(γ
′
1)
−1. Since y′ ∈ ΓPyΓP , there
exists γa, γb ∈ ΓP such that y
′ = γayγb. So y
′ = γ′2gγ
′
1 = γaγ2gγ1γb, which gives
h := g−1γ′−12 γaγ2g = γ1γbγ
′−1
1 ∈ g
−1Γg ∩ Γ = Γ[g].
Then,
h−1Qh = (γ1γbγ
′−1
1 )
−1(γ1Pγ
−1
1 )(γ1γbγ
′−1
1 ) = Q
′ (7.5.1)
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which verifies that Q and Q′ are Γ[g] conjugate.
Next we show that Ξ is surjective. Suppose that Q and gQg−1 are both Γ-conjugate to
P. Say, Q = γ1Pγ
−1
1 and gQg
−1 = γ−12 Pγ2 for some γ1, γ2 ∈ Γ. Then
γ2gγ1Pγ
−1
1 g
−1γ−12 = P (7.5.2)
so the element y = γ2gγ1 ∈ P(Q) ∩ ΓgΓ (since a parabolic subgroup is its own normalizer)
and Ξ(ΓPyΓP ) = Q.
Finally we show that Ξ is injective. Suppose y, y′ ∈ ΓgΓ∩P , say y = γ2gγ1 and y
′ = γ′2gγ
′
1.
Set
Q = γ1Pγ
−1
1 = g
−1γ−12 Pγ2g
Q′ = γ′1P(γ
′
1)
−1 = g−1(γ′2)
−1Pγ2g
Suppose Q and Q′ are Γ[g]-conjugate, say Q = γQ′γ−1 for some γ ∈ Γ∩ g−1Γg. Comparing
these gives two relations,
Q = γ1Pγ
−1
1 = γγ
′
1P(γ
′
1)
−1γ−1
Q = g−1γ−12 Pγ2g = γg
−1(γ′2)
−1Pγ′2gγ
−1
from which it follows that h1 = (γ
′
1)
−1γ−1γ−11 ∈ P and h2 = γ2gγg
−1(γ′2)
−1 ∈ P. Moreover,
h1, h2 ∈ Γ. But h2y
′h1 = y hence ΓP y
′ΓP = ΓP yΓP as claimed.
7.6. Proof of Proposition 7.3. By lemma 7.4, the restriction of the Hecke correspondence
C = C[g] ⇒ X to the stratum XP breaks into a union of m correspondences, indexed by
the elements g1, g2, . . . , gm. Fix j (with 1 ≤ j ≤ m) and set Γ[gj ] = Γ ∩ g
−1
j Γgj and
ΓP [gj] = Γ[gj] ∩ P. The following commutative diagram of correspondences provides an
explicit isomorphism between the parabolic Hecke correspondence given by gj with the
corresponding piece of the Hecke correspondence given by g:
ΓP [gj]\D[P ] ⇒ ΓP\D[P ]
βj
y yβ
Γ[gj]\D ⇒ Γ\D
f
y ∥∥∥
Γ[g]\D ⇒ Γ\D
The first line is the parabolic Hecke correspondence (7.1.1) defined by gj, i.e., it is the
continuous extension of the mapping ΓP [gj] 7→ (ΓPxK
′
P ,ΓP gjxK
′
P ). The second line is the
Hecke correspondence (6.5.1) defined by gj, i.e. it is the continuous extension of Γ[gj]xK
′ 7→
(ΓxK ′,ΓgxK ′). The vertical mapping β (resp. βj) is described in §3.1; it is a homeomorphism
over any Γ-parabolic neighborhood of XP (resp. over any Γ[gj]−parabolic neighborhood of
ΓP [gj]\DP ). The top square of this diagram commutes by direct computation. The third
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line is the given Hecke correspondence (6.5.1). The vertical mapping f is the isomorphism
of Hecke correspondences given in lemma 6.6 and equation (6.7.1). In other words, write
gj = γ1gγ2 and f(Γ[gj]xK
′) = Γ[g]γ2xK
′. The bottom square also commutes. This completes
the construction of an explicit isomorphism with the parabolic Hecke correspondence, and
hence of the proof of proposition 7.3.
8. Counting the fixed points
8.1. As in §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K ′ = AGK(x0) is the stabilizer in G of a fixed base-
point x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and X = Γ\D. Fix a rational parabolic sub-
group P ⊆ G, set ΓP = Γ∩P , ΓL = νP (ΓP ) ⊂ L(Q) and denote by XP = ΓP\DP = ΓL\DP
the corresponding stratum in the reductive Borel-Serre compactification X. An element
y ∈ P(Q) gives rise to a parabolic Hecke correspondence (c1, c2) : Γ
′
P\D[P ] ⇒ ΓP\D[P ]
where Γ′P = ΓP [y] = ΓP ∩ y
−1ΓPy. Let Γ
′
L = νP (Γ
′
P ). The restriction CP ⇒ XP of this
parabolic correspondence to the boundary stratum CP = Γ
′
L\DP is given by
(c1, c2)(Γ
′
LxKPAP ) = (ΓLxKPAP ,ΓLy¯xKPAP ) (8.1.1)
where y¯ = νP (y).
8.2. Characteristic element. Let us suppose that w ∈ CP is a fixed point of the parabolic
Hecke correspondence, that is, c1(w) = c2(w). Choose any lift w˜ ∈ DP of w and write
w˜ = zKPAP ∈ LP/KPAP . Since the point w = Γ
′
LzKPAP is fixed, we have
ΓLzKPAP = ΓLy¯zKPAP . (8.2.1)
Hence there exists γ ∈ ΓL such that the element e = γy¯ fixes the point z ∈ DP , that is,
ezKPAP = γy¯zKPAP = zKPAP ∈ DP . (8.2.2)
8.3. Definition. The element e = γy¯ ∈ LP(Q) is called a characteristic element for the
fixed point w, or the characteristic element corresponding to the lift w˜ of w.
Denote by FP (e) ⊂ CP the set of fixed points in CP for which e is a characteristic element.
We refer to FP (e) as a fixed point constituent; it may consist of several connected components.
Let DeP denote the fixed points of the mapping Te : DP → DP . Then FP (e) is the image of
DeP under the projection DP → CP . Write e = aeme ∈ APMP . We say an element of LP
is elliptic (or is elliptic modulo AP ) if it is LP(R)-conjugate to an element of KPAP . Let
Le ⊂ LP denote the centralizer of e in LP .
8.4. Proposition. Suppose the arithmetic group Γ is neat. Then the following statements
hold.
1. The characteristic element e ∈ LP is semisimple and is elliptic (modulo AP ). The
group Le is reductive, algebraic, and defined over Q. The torus factors ay = ae ∈ AP
are equal (cf §2.2). The fixed point constituent FP (e) is a smooth submanifold of CP .
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2. If y ∈ P is changed by multiplication by an element u ∈ UP , or if γ ∈ ΓL is replaced
by another element of ΓL which also satisfies (8.2.2), or if a different representative
z′ ∈ LP of w˜ ∈ DP is chosen, then the characteristic element e ∈ LP does not change.
3. If a different lift w˜′ ∈ DP of w is chosen, or if y is changed within its double coset
ΓP yΓP then e changes at most by ΓL-conjugacy.
4. The characteristic element e is a rigid invariant of the fixed point set: if wt ∈ CP is a
one parameter family of fixed points (with t ∈ [0, 1]) and if zt ∈ DP is a lift to a one
parameter family of points in DP then the resulting characteristic elements et do not
vary with t.
5. The group Le acts transitively on D
e
P . Set Γe = ΓL ∩ Le, Γ
′
e = Γ
′
L ∩ Le, and K
′
e =
Le ∩ (z(KPAP )z
−1). Then the action of Le on D
e
P induces diffeomorphisms
FP (e) ∼= Γ
′
e\Le/K
′
e and ci(FP (e))
∼= Γe\Le/K
′
e. (8.4.1)
The projection FP (e)→ ci(FP (e)) is a covering of degree
d = [Γe : Γ
′
e] = [ΓL ∩ y¯
−1ΓLy¯ : νP (ΓP ∩ y
−1ΓPy)]. (8.4.2)
6. Conversely, let C ⊂ ΓLy¯ΓL be any ΓL-conjugacy class which is elliptic (modulo AP ).
Then C ∩ΓLy¯ consists of a single element e
′, and there exists a fixed point w′ ∈ CP for
which e′ is a characteristic element. In particular, FP (e
′) 6= φ.
So the constituents of the fixed point set in CP are in one to one correspondence with
ΓL-conjugacy classes of elliptic (modulo AP ) elements e ∈ ΓLy¯ΓL.
8.5. Proof. By (8.2.2), e = γy¯ ∈ zKPAP z
−1 which is compact modulo AP , so e is also
semisimple. The elements e and y¯ are in the same ΓL-double coset so they have the same
torus component ae = ay ∈ AP . Since Γ is neat, the group Γe acts freely on D
e
P . This proves
(1). Next, consider (2) and suppose different choices y′ = yu, γ′ ∈ ΓL, and z
′ ∈ LP were
made, with u ∈ UP , with w˜ = zKPAP = z
′KPAP ∈ DP and, as in (8.2.2), z
′KPAP =
γ′y¯′z′KPAP (where y¯
′ = νP (y
′)). Then y¯′ = y¯ and
γy¯zKPAP = zKPAP = γ
′y¯′z′KPAP = γ
′y¯zKPAP
so γ−1γ′ ∈ (y¯z)KPAP (y¯z)
−1. Since ΓL is torsion-free, this implies γ = γ
′, hence the charac-
teristic element e = γy¯ is unchanged. This proves (2). Since ΓL is discrete, the characteristic
element is constant in a continuous family of fixed points, which proves (4).
Now consider changing y within its double coset ΓP yΓP and consider changing the lift
w˜ ∈ DP of the fixed point. Let yˆ = γ1yγ2 with γ1, γ2 ∈ ΓP . Set γ¯1 = νP (γ1), γ¯2 = νP (γ2) and
¯ˆy = νP (yˆ). As in §8.1, the element ¯ˆy determines a Hecke correspondence (cˆ1, cˆ2) : ĈP ⇒ XP
as follows: Set Γ̂P = ΓP ∩ yˆ
−1ΓP yˆ, Γ̂L = νP (Γ̂P ) and ĈP = Γ̂L\DP = Γ̂L\LP/KPAP . Then
(cˆ1, cˆ2)(Γ̂LxKPAP ) = (ΓLxKPAP ,ΓL¯ˆyxKPAP ). As in equation (6.7.1), an isomorphism of
correspondences f : ĈP → CP is given by
f(Γ̂LxKPAP ) = Γ
′
Lγ¯2xKPAP .
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Choose any lift zˆKPAP ∈ DP of the fixed point wˆ = f
−1(w) (with zˆ ∈ LP ). We obtain a
new characteristic element eˆ = γˆ¯ˆy (for some γˆ ∈ ΓL) such that
γˆ¯ˆyzˆKPAP = zˆKPAP . (8.5.1)
We need to show that eˆ = γˆ ¯ˆy is ΓL-conjugate to e = γy¯. Since f(wˆ) = w we have
Γ′Lγ¯2zˆKPAP = Γ
′
LzKPAP
so there exists h ∈ Γ′L such that hγ¯2zˆKPAP = zKPAP or
zˆKPAP = γ¯
−1
2 h
−1zKPAP . (8.5.2)
Substituting (8.5.2) into both sides of (8.5.1) and using (8.2.2) gives
hγ¯2γˆ¯ˆyγ¯
−1
2 h
−1zKPAP = zKPAP = γy¯zKPAP
or
hγ¯2γˆγ¯1y¯h
−1zKPAP = γy¯zKPAP .
Since h, h−1 ∈ νP (y
−1ΓP y) = y¯
−1ΓLy¯ there exists h
′ ∈ ΓL such that y¯h
−1 = h′y¯, which gives
γ−1hγ¯2γˆγ¯1h
′(y¯zKPAP ) = y¯zKPAP .
This implies that γ−1hγ¯2γˆγ¯1h
′ = 1 since it is both in the group (y¯z)KPAP (y¯z)
−1 and in ΓL.
Therefore 1.y¯ = γ−1hγ¯2γˆγ¯1y¯h
−1 or
γy¯ = hγ¯2γˆγ¯1y¯γ¯2γ¯
−1
2 h
−1 = (hγ¯2)γˆ ¯ˆy(hγ¯2)
−1.
Thus, the characteristic elements γy¯ and γˆ¯ˆy are ΓL-conjugate, which proves (3).
Now let us prove (5). It is easy to see that Le acts on D
e
P . To see that this action is
transitive, let v1, v2 ∈ D
e
P , say v1 = z1KPAP and v2 = z2KPAP with zi ∈ LP (for i = 1, 2).
Then there exists k1, k2 ∈ KPAP so that ez1 = z1k1 and ez2 = z2k2, hence k1 and k2 are
L-conjugate (by z2z
−1
1 ). It follows from [Bo3] §24.7 that k1 and k2 are also KPAP conjugate.
Say, k2 = mk1m
−1 for some m ∈ KPAP . Define x = z2mz
−1
1 . Then v2 = xv1 and moreover,
x ∈ Le since
xex−1 = z2mz
−1
1 ez1m
−1z−12 = z2mk1m
−1z−12 = e.
This completes the verification that Le acts transitively on D
e
P .
Using the chosen lift w˜ = zKPAP ∈ D
e
P as a basepoint, we obtain a diffeomorphism
Le/K
′
e
∼= DeP where K
′
e = Le ∩ (zKPAP z
−1) is the stabilizer (in Le) of w˜. This induces a
surjection (Le ∩ Γ
′
L)\Le/K
′
e → FP (e) which we will now show to be injective.
Suppose x1, x2 ∈ Le and that x1w˜, x2w˜ ∈ D
e
P map to the same point in CP , that is,
Γ′Lx1zKPAP = Γ
′
Lx2zKPAP . Then there exists γ ∈ Γ
′
L so that
γx1zKPAP = x2zKPAP . (8.5.3)
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We need to show that γ ∈ Le. Acting by e on the left hand side of (8.5.3) and using (8.2.2)
gives the quantity
eγe−1ex1zKPAP = eγe
−1x1ezKPAP = eγe
−1x1zKPAP
while acting by e on the right hand side of (8.5.3) gives
ex2zKPAP = x2zKPAP = γx1zKPAP .
So γ−1eγe−1 ∈ (x1z)KPAP (x1z)
−1. But γ−1eγe−1 ∈ ΓL so this element is trivial, that is,
γe = eγ, hence γ ∈ Le. Therefore FP (e) = Γ
′
e\D
e
P . The equality c1(FP (e)) = c2(FP (e)) =
Γe\Le/K
′
e is similar. Equation (8.4.2) will be proven in §8.6.
Now let us verify part (6). Suppose e′′ = γ2y¯γ1 ∈ LP(Q) is elliptic (modulo AP ). Then e
′′ is
ΓL-conjugate to the element e
′ = γ1γ2y¯ which is also elliptic modulo AP . There exists z ∈ LP
so that e′ ∈ zKPAP z
−1 hence e′zKPAP = zKPAP . In other words, e
′ is a characteristic
element for the point w′ = Γ′LzKPAP ∈ CP (which is easily seen to be fixed under the Hecke
correspondence).
8.6. Addendum. (We refer to the notation of §8.4 and §8.5.) Unfortunately the arithmetic
group ΓL[y¯] = ΓL∩y¯
−1ΓLy¯ may be larger than Γ
′
L = νP (ΓP ∩y
−1ΓPy), so the correspondence
(8.1.1) is not necessarily a Hecke correspondence, but rather it is a covering of the following
Hecke correspondence:
(c˜1, c˜2) : C˜P = ΓL[y¯]\DP ⇒ XP
ΓL[y¯]xKPAP 7→ (ΓLxKPAP ,ΓLy¯xKPAP ).
This covering φ : Γ′L\DP → ΓL[y¯]\DP has degree d = [ΓL[y¯] : Γ
′
L]. A point w ∈ CP is fixed
iff the point φ(w) ∈ C˜P is fixed.
Let F˜P (e) ⊂ C˜P be the set of fixed points within this (smaller) Hecke correspondence
with characteristic element e. We claim that the restriction of c˜i to F˜P (e) ⊂ C˜P is a dif-
feomorphism: F˜P (e) ∼= ci(FP (e)) (for i = 1, 2). As in (8.4.1) it is clear that F˜P (e) ∼=
(ΓL[y¯] ∩ Le)\Le/K
′
e so it suffices to verify that the inclusion ΓL[y¯] ∩ Le ⊂ Γe is an isomor-
phism. If γ1 ∈ Γe then γ1 = e
−1γ1e. But the left side of this equation is in ΓL and the right
side is in y¯−1ΓLy¯, hence γ1 ∈ ΓL[y¯], which proves the claim.
In summary, we have a diagram
CP
φ
−−−→ C˜P ⇒ XP⋃ ⋃ ⋃
FP (e) −−−→ F˜P (e)
∼=
−−−→ ci(FP (e))
and in particular the degree d of the covering φ coincides with the degree of the mapping
FP (e)→ ci(FP (e)) which gives (8.4.2).
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8.7. Remark. The codimension of Fp(e) in DP is odd if and only if the action of e reverses
orientations in the normal bundle of FP (e) in DP . This is because e preserves an appropri-
ately chosen normal slice through any point in FP (e), the boundary of which is a sphere on
which e then acts as a diffeomorphism without fixed points, so its Lefschetz number is 0. In
the odd codimension case this sphere is even dimensional, so by the Lefschetz fixed point
theorem, its action on the top degree cohomology is given by multiplication by −1, that is,
it reverses the orientation. In the even codimension case, it preserves orientation.
9. Hyperbolic properties of Hecke correspondences
9.1. Expanding and contracting roots. As in §2,G denotes a connected linear reductive
algebraic group defined over Q, D denotes the associated symmetric space, K ′ = AGK(x0)
is the stabilizer in G of a fixed basepoint x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and
X = Γ\D. Throughout this section we fix a Hecke correspondence (c1, c2) : C ⇒ X defined
by some element g ∈ G(Q). So C = Γ′\D with Γ′ = Γ ∩ g−1Γg.
Let P ⊂ G be a rational parabolic subgroup and suppose that c1(CP ) = c2(CP ) = XP . By
Proposition 7.3, near CP the correspondence is modeled on a parabolic Hecke correspondence
Γ′P\D[P ] ⇒ ΓP\D[P ] (7.1.1) which is determined by some y ∈ P(Q) (where Γ
′
P = ΓP ∩
y−1ΓP y). Suppose y = uyaymy is the Langlands decomposition (2.2.2) of y ∈ P(Q). If y
is allowed to vary within the double coset ΓP yΓP then the element ay ∈ AP will remain
fixed, so we may write aP = ay. We refer to aP as the torus factor associated to the Hecke
correspondence near CP . The torus factor may be used to define a partition of the simple
roots ∆P into three subsets
∆+P = {α ∈ ∆P | α(aP ) < 1}
∆−P = {α ∈ ∆P | α(aP ) > 1}
∆0P = {α ∈ ∆P | α(aP ) = 1}
consisting of those simple roots which are expanding, contracting, or neutral, respectively,
near the stratum CP . (See also §11.7) The terminology is motivated by the following fact,
whose proof follows immediately from (3.2.2) and the definition (7.1.2) of the correspondence:
for all α ∈ ∆P and for all z ∈ Γ
′
P\D[P ] we have:
fPα (c2(z)) = α(aP )f
P
α (c1(z)). (9.1.1)
Now suppose P ⊂ Q are rational parabolic subgroups of G, with ∆P = i(∆Q) ∐ J
as in (2.4.1). Suppose that c1(CP ) = c2(CP ), giving rise to a torus factor aP ∈ AP and a
decomposition of ∆P into expanding, contracting and neutral roots as above. Then c1(CQ) =
c2(CQ) (by §7.1) so we obtain a torus factor aQ ∈ AQ and a decomposition of ∆Q into
expanding, contracting and neutral roots also.
9.2. Proposition. Suppose that J ⊂ ∆0P . Then
1. The torus factors aP = aQ are equal; in particular aP lies in the sub-torus AQ ⊂ AP .
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2. The expanding, contracting, and neutral simple roots for P are given by:
∆+P = i(∆
+
Q), ∆
−
P = i(∆
−
Q), ∆
0
P = i(∆
0
Q) ∐ J. (9.2.1)
3. For all z ∈ Γ′P\D[P ] and for all β ∈ ∆Q we have,
fPi(β)(c2(z))
fPi(β)(c1(z))
= i(β)(aP ) = β(aP ) =
fQβ (c2(z))
fQβ (c1(z))
provided the denominators do not vanish.
In this case we say thatQ is a neutral parabolic subgroup containing P and we write P ≺ Q.
Intuitively, the Hecke correspondence is neutral in those directions normal to CP which point
into CQ; cf. §3.6.
9.3. Proof. Locally near CQ the Hecke correspondence is isomorphic to a parabolic Hecke
correspondence given by some y′ = uy′ay′my′ ∈ Q with torus factor aQ = ay′ ∈ AQ. In a
neighborhood of CP the correspondence is isomorphic to the parabolic Hecke correspondence
given by some y = uyaymy ∈ P (with aP = ay). Moreover y may be chosen to lie in the
double coset ΓQy
′ΓQ since the correspondence CP ⇒ XP is the restriction to CP of the
correspondence CQ ⇒ XQ; cf. Proposition 7.3. By assumption, α(aP ) = 1 for all α ∈ J
which implies that aP ∈ AQ. It follows that aP = aQ because the homomorphism Q → AQ
(which associates to any z ∈ Q its torus factor az) kills ΓQ. Therefore, for any β ∈ ∆Q we
have: β(aQ) = i(β)(aP ). This proves (1) and (2). The first equality in part (3) is just (9.1.1).
The last equality in part (3) follows from part (1) and from (9.1.1) (with fPα replaced by
fQβ ).
9.4. Maximal neutrality. Suppose P ⊂ Q ⊂ R are rational parabolic subgroups and
that c1(CP ) = c2(CP ). Write ∆P = i(∆Q) ∐ I and ∆Q = j(∆R) ∐ J for the disjoint union
of (2.4.1). Suppose moreover that P ≺ Q and Q ≺ R, that is, that I ⊂ ∆0P and J ⊂ ∆
0
Q.
Then it follows from Proposition 9.2 that P ≺ R. Hence there is a greatest neutral parabolic
subgroup P† containing P; in fact it is P† = P(∆0P ) in the notation of §2.4 and §2.3. It is
easy to see that
∆0P † = φ and ∆
±
P = i
′(∆±
P †
) (9.4.1)
(where i′ : ∆P † →֒ ∆P is the natural inclusion). Moreover,
P ≺ Q =⇒ P† = Q†. (9.4.2)
10. Structure of the fixed point set
10.1. As in §2, G denotes a connected reductive linear algebraic group defined over Q, D =
G/K ′ is its associated symmetric space with basepoint x0 ∈ D and stabilizer K
′ = AGK(x0),
Γ ⊂ G(Q) denotes an arithmetic subgroup, and X = Γ\D. Throughout this section we fix
a Hecke correspondence (c1, c2) : C ⇒ X defined by some element g ∈ G(Q). So C = Γ
′\D
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with Γ′ = Γ∩ g−1Γg. We also fix a Γ-equivariant tiling of D which is narrow with respect to
the Hecke correspondence, and denote by {CP} and {XP} the resulting tilings of C and X
respectively. Let F ⊂ C be a connected component of the set of fixed points. The following
lemma says that if F spans two strata CP ⊂ CQ then the Hecke correspondence is neutral
in those directions which point from CP into CQ; cf. §3.6.
10.2. Lemma. Let P ⊂ Q ⊆ G be rational parabolic subgroups and write ∆P = i(∆Q)∐ J
as in (2.4.1). Suppose F ∩ CQ ∩ T (CP ) 6= φ (that is, CQ contains fixed points which lie in
the Γ-parabolic neighborhood T (CP ) of CP ). Then
1. J ⊂ ∆0P (hence the conclusions of Proposition 9.2 hold).
2. F ∩ T (CP ) is invariant under the geodesic action of A
′
P (≥ 1).
3. πP (F ∩ T (CP )) ⊂ F , that is, each fixed point in this Γ
′-parabolic neighborhood projects
to a fixed point in CP .
10.3. Proof. Part (1) follows from (3.5.2) and (9.1.1) by taking z ∈ F ∩CQ ∩ T (CP ) to be
a fixed point. Part (2) follows from (7.1.3). Part (3) follows by continuity.
10.4. Proposition. Let F ⊂ C be a connected component of the fixed point set. Let Q be a
rational parabolic subgroup and suppose F ∩CQ 6= φ. Let aQ ∈ AQ be the torus factor for this
stratum. Let Q† = Q(∆0Q) be the maximal neutral parabolic subgroup containing Q. Then
1. The whole connected component F of the fixed point set is contained in the closure
F ⊂ CQ†
of the single stratum CQ†.
2. The Hecke correspondence C ⇒ X restricts to a correspondence CQ† ⇒ XQ† on this
stratum-closure. Within this restricted correspondence, near each point c ∈ F, every
simple root is neutral: If P ⊂ Q†, if F ∩CP 6= φ if i
′ : ∆Q† →֒ ∆P is the inclusion, and
if ∆P = i
′(∆Q†)∐ J as in (2.4.1) then J = ∆
0
P .
3. There exists a neighborhood U(F ) ⊂ C of the fixed point set such that for all α ∈ ∆Q
and for all x ∈ U(F ), if x ∈ T (CQ) and if c2(x) ∈ T (XQ) then
rQα (c2(x)) = α(aQ)
−1rQα (c1(x)). (10.4.1)
10.5. Remarks. Part (1) does not imply that F ∩CQ† 6= φ. In fact, the fixed point compo-
nent F may be “reducible”: it does not necessarily coincide with the closure of its intersection
F ∩ CP with any single stratum CP . (See §16.1.)
10.6. Proof. Suppose that F has a nontrivial intersection with some other stratum, say
F ∩ CR 6= φ. Suppose for the moment that R ⊃ Q and that F ∩ CQ contains limit points
from F ∩ CR, that is,
(F ∩ CQ) ∩ F ∩ CR 6= φ. (10.6.1)
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Then Lemma 10.2 part (1) implies that R is a neutral parabolic subgroup containing Q
so (9.4.2) implies that R† = Q†, hence F ∩ CR ⊂ F ∩ CR† = F ∩ CQ† . Now we drop the
assumption (10.6.1). Since F is connected, the stratum CR is related to the stratum CQ
through a chain of strata CRi (say, 1 ≤ i ≤ m), each having nontrivial intersection with F ,
with each step in the chain related to the next by
(F ∩ CRi) ∩ F ∩ CRi+1 6= φ or (F ∩ CRi+1) ∩ F ∩ CRi 6= φ.
Repeated application of (9.4.2) implies that
R† = R†1 = · · · = R
†
m = Q
†. (10.6.2)
So once again, F ∩ CR ⊂ F ∩ CQ†. This verifies part (1).
Consider part (2). Since the stratum CQ is preserved by the Hecke correspondence, the
same holds for each larger stratum, especially CQ†. Suppose F ∩ CP 6= φ. By (10.6.2),
P† = Q† so by (9.4.1), ∆P = i
′(∆Q†)∐∆
0
P .
Next we verify part (3). Suppose P ⊂ Q and suppose F ∩ CP 6= φ. By Proposition 9.2
part (3), for all α ∈ ∆Q and for all w ∈ T (CQ)∩ c
−1
2 (T (XQ)), the root function f
P
i(α) satisfies
fPi(α)(c2(w)) = α(aQ)f
P
i(α)(c1(w)) (10.6.3)
where, as in (2.4.1), we have written ∆P = i(∆Q) ∐ J. However this does not yet prove
(10.4.1). The problem is that the partial distance function rQα (w) is patched together (4.2.2)
from these root functions fPi(α) in a way that depends on which tile contains the point ci(w).
So we need to show that the Hecke correspondence preserves the tile boundaries in some
neighborhood U(F ) of the fixed point set.
10.7. Lemma. Suppose F ⊂ C is a connected component of the fixed point set of the Hecke
correspondence C ⇒ X. Then there exists a neighborhood U(F ) ⊂ C of F such that for all
w ∈ U(F ) and for any rational parabolic subgroup P ⊆ G,
c1(w) ∈ X
P ⇐⇒ c2(w) ∈ X
P . (10.7.1)
10.8. Proof. Assume not. Then there is a sequence of points xi ∈ C converging to F so that
for each i, c1(xi) and c2(xi) are in different tiles. By taking subsequences if necessary we may
assume the sequence xi converges to some point x0 ∈ F , that xi are all contained in a single
tile CP (so c1(xi) ∈ X
P ) and that c2(xi) all lie in a single tile X
Q. Since c1(x0) ∈ C
P
∩C
Q
is
a fixed point, the Hecke correspondence must preserve the strata CP and CQ (meaning that
c1(CP ) = c2(CP ) = XP and c1(CQ) = c2(CQ) = XQ) and we may assume that either P ⊆ Q
or Q ⊆ P. Since the tiling is narrow this implies that F ∩ CP 6= φ, that F ∩ CQ 6= φ, and
that either F ∩ CP contains limit points from F ∩ CQ (if P ⊆ Q) or else F ∩ CQ contains
limit points from F ∩ CP (if Q ⊆ P).
Let us first consider the case that P ⊆ Q = G, meaning that XQ = X0. Let aP ∈ AP
denote the torus factor for the Hecke correspondence near CP as in §9.1. Then it follows from
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Lemma 10.2 that Q = G is a neutral parabolic subgroup containing P, that is, α(aP ) = 1
for all α ∈ ∆P . Within any Γ-parabolic neighborhood W of XP , the tile X
P is given by
(4.1.3):
XP = {x ∈ W | πP (x) ∈ X
0
P and f
P
α (x) > α(bP ) for all α ∈ ∆P}.
Since c2(xi) ∈ X
0 it follows that for at least one α ∈ ∆P we have:
α(bP ) ≥ f
P
α (c2(xi)) = α(aP )f
P
α (c1(xi)) = f
P
α (c1(xi)) > α(bP )
(using equation (9.1.1)) which is a contradiction.
Next consider the case P ⊂ Q 6= G. For sufficiently large i the points xi will lie in
some Γ′-parabolic neighborhood of CQ, and the same argument applied to the sequence
zi = πQ(xi)→ z0 = πQ(x0) ∈ F ∩ CQ also leads to a contradiction.
The case Q ⊆ P may be handled by reversing the roles of P and Q in these arguments.
This completes the proof of Lemma 10.7 and also the proof of Proposition 10.4.
11. Modified Hecke correspondence
11.1. As in §2, G denotes a connected linear reductive algebraic group defined over Q, D
denotes the associated symmetric space, K ′ = AGK(x0) is the stabilizer in G of a chosen
basepoint x0 ∈ D, Γ ⊂ G(Q) is an arithmetic group and X = Γ\D. Throughout this section
we fix a Hecke correspondence (c1, c2) : C ⇒ X defined by some element g ∈ G(Q), with
C = Γ′\D and Γ′ = Γ ∩ g−1Γg. Let F = {w ∈ C| c1(w) = c2(w)} denote the fixed point
set. Fix a sufficiently large regular Γ-equivariant parameter b ∈ B which is so large that the
resulting tilings {DP} of D, {XP} of X and {CP} of C are narrow (§6.11) with respect to
the Hecke correspondence. Fix t ∈ AP0(> 1) dominant and regular, with resulting shrink
homeomorphism Sh(t) : X → X as in §5. Define the (shrink-) modified correspondence
(c′1, c
′
2) : C ⇒ X (11.1.1)
by c′1 = c1 and c
′
2 = Sh(t) ◦ c2. Let F
′ = {w ∈ C| c′1(w) = c
′
2(w)} denote the fixed point set
of the modified correspondence.
11.2. Proposition. If t ∈ AP0(> 1) is chosen regular and sufficiently close to 1, then
F ′ ∩ CQ = F ∩ C
0
Q (11.2.1)
for each stratum CQ ⊂ C, and
c1(F
′) ∩XQ = c1(F ) ∩X
0
Q (11.2.2)
for each stratum XQ ⊂ X.
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11.3. Proof. The correspondence C has finitely many boundary strata CP with the prop-
erty that c1(CP ) = c2(CP ). For each such stratum CP , according to proposition 7.3, the
Hecke correspondence is locally isomorphic near CP to a parabolic Hecke correspondence
Γ′P\D[P ]⇒ ΓP\D[P ] which is given by some y ∈ P (Q) and to which we may uniquely asso-
ciate a torus factor ay = aP ∈ AP as in §7.1. Conjugating all these torus factors back to SP0
gives a collection {a1, a2, . . . , aN} ⊂ AP0 of finitely many standard torus factors (some of
which may coincide and some of which may equal 1) associated to the Hecke correspondence
g. If t ∈ AP0(> 1) is chosen to be regular and sufficiently close to 1 then we can guarantee
that the following condition holds: For all α ∈ ∆ and for all i = 1, 2, . . . , N , if α(ai) < 1
then α(ait) < 1 while if α(ai) ≥ 1 then α(ait) > 1. Therefore, for any ρ with 0 < ρ ≤ 1, for
all α ∈ ∆ and for all i = 1, 2, . . . , N , the following holds:{
α(ai) < 1 =⇒ α(ai)α(t)
ρ < 1
α(ai) ≥ 1 =⇒ α(ai)α(t)
ρ > 1.
(11.3.1)
Having made these choices, let us now prove Proposition 11.2. Certainly F ∩C0Q = F
′ ∩C0Q
because the shrink acts as the identity on C0Q. So we only need to show that F
′ ∩CQ ⊂ C
0
Q,
that is, we must show that the fixed points of the modified Hecke correspondence which
appear in the stratum CQ are all contained in the central tile of that stratum. Suppose
otherwise and let w ∈ CQ be a fixed point of the modified correspondence which lies in
some tile CP for P ⊂ Q, and P 6= Q. Since the shrink preserves tiles, it follows that
c1(C
P ) ∩ c2(C
P ) 6= φ. The tiling is narrow so this implies that c1(CP ) = c2(CP ). Set
∆P = i(∆Q) ∐ J as in (2.4.1); then J 6= φ. By Proposition 7.3, locally near CP we may
replace the Hecke correspondence by a parabolic correspondence: in other words, we may
assume that g ∈ P. Let aP ∈ AP be the torus factor for the correspondence near CP ,
that is, if g = ugagmg ∈ UPAPMP is the Langlands decomposition then aP = ag. The
point c1(w) = c
′
1(w) = c
′
2(w) lies in XQ ∩ X
P ⊂ X . Since the shrink preserves tiles,
c2(w) ∈ XQ ∩X
P also.
For any α ∈ ∆P ,
fPα (c
′
2(w)) = f
P
α (c2(w))α0(t)
ρ(rPα (c2(w))) by (5.5.2)
= α(aP )α0(t)
ρ(rPα (c2(w)))fPα (c1(w)) by (9.1.1)
where α0 ∈ ∆ is the unique simple root which, after conjugation and restriction to SP,
agrees with α.
This gives a contradiction: First note that ρ(rPα (c2(w))) 6= 0, for otherwise we would
have rPα (c2(w)) = 1 or c2(w) /∈ X
P . As the shrink preserves tiles, this would imply that
c′2(w) /∈ X
P which is absurd. So by (11.3.1) the factor α(aP )α0(t)
ρ(rPα (c2(w))) 6= 1. If we
choose α ∈ J then the assumption c1(w) ∈ XQ implies that f
P
α (c1(w)) 6= 0. Therefore the
point w cannot be fixed by the modified correspondence, which proves (11.2.1).
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There are finitely many strata CP such that c1(CP ) = XQ. To prove (11.2.2) it suffices to
show, for each of these strata, that
c1(F
′ ∩ CP ) ∩XQ = c1(F ∩ CP ) ∩X
0
Q.
Write F ∩CP = (F ∩C
0
P )∪ F˜ as a disjoint union. Then F˜ is contained in a union of tiles C
P ′
with P′ ⊂ P a proper inclusion. Since c1 takes tiles to tiles, it follows that c1(F˜ ) ∩X
0
Q = φ
hence
c1(F ∩ CP ) ∩X
0
Q = c1(F ∩ C
0
P ) ∩X
0
Q = c1(F ∩ C
0
P )
= c1(F
′ ∩ CP ) = c1(F
′ ∩ CP ) ∩XQ
by (11.2.1).
11.4. Tangential distance. Choose a regular Γ-invariant parameter so that the associated
tiling is narrow (§6.11) with respect to the Hecke correspondence. Choose t ∈ AP0(> 1) to
be regular and sufficiently close to 1 as in Proposition 11.2. Suppose CQ is a stratum of C
for which F ∩ CQ 6= φ. Fix e ∈ LQ and let FQ(e) ⊂ CQ denote the set of fixed points in CQ
for which e is a characteristic element as in §8.2. Set
F 0Q(e) = FQ(e) ∩ C
0
Q and E = c1(F
0
Q(e)) = c1(FQ(e)) ∩X
0
Q.
Let RXQ : XQ → X
0
Q and RCQ : CQ → C
0
Q be the retraction(s) and let WQ : XQ → [0, 1] be
the exhaustion function of §4.6. A choice of G-invariant Riemannian metric on D induces
Riemannian metrics on C, X , CQ, and XQ. Define the tangential distance dE : XQ → [0,∞)
by
dE(x) = WQ(x) + distXQ(RXQ(x), E) (11.4.1)
where distXQ denotes the distance in XQ with respect to the Riemannian metric. Then
d−1E (0) = E. Although the restriction of the Hecke correspondence to CQ is locally an
isometry, composing with Sh(t) has the following effect: points near the boundary of XQ
are moved even closer to the boundary of XQ and hence they are moved away from E. This
is the intuition behind the following lemma.
11.5. Lemma. There exists a neighborhood V ⊂ CQ of F
0
Q(e) = FQ(e) ∩ C
0
Q such that
dE(c
′
2(w)) ≥ dE(c
′
1(w)) (11.5.1)
for all w ∈ V.
11.6. Proof. The stratum closure CQ is tiled by the collection of intersections C
P
Q = CQ ∩
CP with P ⊆ Q. Let C
P
Q denote the closure of such a tile. Let U1 ⊂ CQ be a neighborhood
of the closure FQ(e) so that for any rational parabolic subgroup P ⊂ Q,
FQ(e) ∩ C
P
Q = φ ⇐⇒ U1 ∩ C
P
Q = φ.
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By Lemma 10.7 we may also assume that the Hecke correspondence preserves tile boundaries
in U1. The mapping c1 preserves tiles, and the points in FQ(e) are fixed, hence
E = c1(F
0
Q(e)) = c2(F
0
Q(e)).
By Proposition 8.4 (6), and for i = 1, 2, the mapping ci is one-to-one on FQ(e). Moreover,
it is locally an isometry. It follows that,
distXQ(c1(w), E) = distCQ(w, F
0
Q(e)) = distXQ(c2(w), E) (11.6.1)
for w ∈ CQ in some neighborhood U2 ⊂ CQ of F
0
Q(e). The desired neighborhood is
V = U1 ∩ U2 ⊂ CQ.
By Proposition 10.4 the restricted correspondence CQ ⇒ XQ is neutral near FQ(e). So if
P ⊂ Q and if FQ(e) ∩ C
P 6= φ and if ∆P = i(∆Q)∐ J as in (2.4.1) then by (10.4.1),
rPα (c2(w)) = r
P
α (c1(w)) (11.6.2)
for all w ∈ CPQ and for all α ∈ J. Moreover, by lemma 10.7 the correspondence preserves
tiles near FQ(e), that is, for all w ∈ U1 and for all P ⊆ Q we have
w ∈ C
P
Q ⇐⇒ c1(w) ∈ X
P
Q ⇐⇒ c2(w) ∈ X
P
Q.
By (7.1.3) the correspondence commutes with the geodesic action of AP . Therefore
RXQ(c1(w)) = c1(RCQ(w)) and RXQ(c2(w)) = c2(RCQ(w))
Now suppose w ∈ V and w ∈ CPQ for some P ⊆ Q. If P = Q (that is, if w ∈ C
0
Q lies in
the central tile) then ci(w) ∈ C
0
Q as well, in which case RXQ(ci(w)) = ci(w), WQ(ci(w)) = 0,
and ci(w) = c
′
i(w). Then (11.5.1) follows from (11.6.1) and in fact, equality holds.
Now suppose w ∈ V ∩ CPQ for some P 6= Q. Then P ⊂ Q, c1(CP ) = c2(CP ) = XP
by Proposition 7.3, and locally near XP this correspondence is isomorphic to a parabolic
Hecke correspondence, that is, we may assume that g ∈ P(Q). In the tile CP the retraction R
commutes with the geodesic action of AP , cf. (4.6.1), and so does the Hecke correspondence,
(7.1.3), hence
RXQ(c
′
2(w)) = RXQ(Sh(t)c2(w)) = RXQ(c2(w)) = c2(RCQ(w)).
So the second terms in (11.4.1) are equal:
distXQ(RXQc
′
2(w), E) = distXQ(c2(RCQ(w)), c2(F
0
Q(e))) = distCQ(RCQ(w), F
0
Q((e))
= distXQ(c1(RCQ(w)), E) = distXQ(RXQc1(w), E)
because both morphisms c1 and c2 are local isometries. Now consider the first terms in
(11.4.1). Fix w ∈ CPQ . For α ∈ ∆P set ρ(α) = ρ(r
P
α (c2(w))). Using (4.6.3), (5.5.1), and
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(11.6.2) we find,
WQ(c
′
2(w)) = 1− inf
α∈J
{rPαSh(t)c2(w)}
= 1− inf
α∈J
{rPα (c2(w))α0(t)
−ρ(α)}
= 1− inf
α∈J
{rPα (c1(w))α0(t)
−ρ(α)}
≥ 1− inf
α∈J
{rPα (c1(w))}
=WQ(c
′
1(w))
which completes the proof of (11.5.1).
11.7. Hyperbolic correspondences. Recall ([GM2]) that the correspondence (c1, c2) :
C ⇒ X is weakly hyperbolic near a connected component F ⊂ C of the fixed point set, if
there is a neighborhood N(F ′) ⊂ X of the image F ′ = c1(F ) = c2(F ) and an indicator
mapping t = (t1, t2) : N(F )→ R≥0 × R≥0 such that
1. the mapping t is proper and subanalytic
2. the preimage of the origin t−1(0) = F ′ consists precisely of F ′
3. there is a neighborhood N(F ) ⊂ C so that ci(N(F )) ⊂ N(F
′) (for i = 1, 2), and so
that for any x ∈ N(F ),
t1(c1(x)) ≤ t1(c2(x))
t2(c1(x)) ≥ t2(c2(x))
11.8. The modified correspondence is hyperbolic. Choose a tiling parameter b ∈ B so
that the associated tiling is narrow with respect to the Hecke correspondence (c1, c2) : C ⇒
X. Choose t ∈ AP0(> 1) to be dominant, regular, and sufficiently close to 1 as in Proposition
11.2 and equation (11.3.1). Let (c′1, c
′
2) : C ⇒ X be the modified correspondence.
Suppose CQ is a stratum of C for which F ∩ CQ 6= φ. Then ci(CQ) = XQ and we may
write ∆Q = ∆
+
Q ∪∆
−
Q ∪∆
0
Q according to whether the simple root is expanding, contracting,
or neutral near XQ as in §7.1. Fix e ∈ LQ and let FQ(e) ⊂ CQ denote the set of fixed
points in CQ for which e is a characteristic element as in §8.2. Let E = c1(FQ(e)) ∩ X
0
Q.
Let V ⊂ CQ be the neighborhood of F
0
Q(e) = FQ(e) ∩ C
0
Q described in Lemma 11.5. Define
t = (t1, t2) : T (XQ)→ R≥0 × R≥0 by
t1(x) =
∑
α∈∆+
Q
rQα (x) + dE(πQ(x))
t2(x) =
∑
α∈∆−
Q
rQα (x) +
∑
α∈∆0
Q
rQα (x)
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11.9. Theorem. The mapping (t1, t2) is an indicator mapping, with respect to which the
modified Hecke correspondence is hyperbolic in π−1Q (V ).
11.10. Proof. The idea is that the composition with the Sh(t) converts neutral directions
(normal to a given stratum) into contracting directions but it does not change the nature
of the expanding or contracting (normal) directions. It converts distances within the stra-
tum (which are preserved by the Hecke correspondence and hence neutral) into expanding
directions.
Since c1(CQ) = c2(CQ) = XQ, by Proposition 7.3 we may, locally near CQ, replace the
Hecke correspondence with a parabolic Hecke correspondence determined by some g =
ugagmg ∈ Q(Q). Let aQ = ag ∈ AQ be the torus factor for the correspondence near CQ. It
is easy to check that t−11 (0) ∩ t
−1
2 (0) = E. For any w ∈ T (CQ) we have
rQα (c
′
2(w)) = r
Q
α (Sh(t)c2(w)) = α0(t)
−ρ(rQα c2(w))rQα c2(w) by (5.5.1)
= α0(t)
−ρ(rQα c2(w))α(aQ)
−1rQα (c1(w)) by (10.4.1)
If α ∈ ∆−Q ∪ ∆
0
Q then α0(t)
−ρ(rQα c2(w))α(aQ)
−1 ≤ 1 since both factors are ≤ 1. This proves
that
t2c
′
2(w) ≤ t2c
′
1(w)
If α ∈ ∆+Q then α(aQ) < 1 so α0(t)
−ρ(rQα c2(w))α(aQ)
−1 > 1 by (11.3.1). Moreover, for all
w ∈ π−1Q (V ) we have
dEπQc
′
2(w) = dEπQSh(t)c2(w)
= dESh(t)πQc2(w) by §5.5(4)
= dESh(t)c2πQ(w) by (6.4.3)
≥ dEc
′
1πQ(w) by (11.5.1)
= dEπQc
′
1(w)
which completes the proof that
t1c
′
2(w) ≥ t1c
′
1(w)
and so also completes the proof that the modified Hecke correspondence is hyperbolic.
12. Local weighted cohomology with supports
12.1. Quadrants. (See [GKM] §7.14 p. 534.) As in previous sections we suppose G is a
connected reductive linear algebraic group defined over Q and we denote the greatest Q-
split torus in its center by SG. Let P be a rational parabolic subgroup with SP the greatest
Q-split torus in the center of its Levi quotient LP. Let ∆P denote the simple positive roots
of SP occurring in NP = Lie(UP ). The elements α ∈ ∆P are trivial on SG and form a basis
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of χ∗Q(S
′
P) ⊂ χ
∗
Q(SP) where S
′
P = SP/SG. For any subset J ⊂ ∆P as in §2.4 let Q = P(J)
be the parabolic subgroup containing P for which the corresponding torus
SJ = SP(J)
is the identity component of the intersection
⋂
α∈J ker(α). Let {tα} be the basis of the
cocharacter group χ∗(S
′
P) ⊗ Q which is dual to the basis ∆P so that 〈α, tβ〉 = δα,β (with
respect to the canonical pairing 〈·, ·〉). If J = ∆P − J denotes the complement, then the
cocharacter group χQ∗ (SJ) is spanned by χ
Q
∗ (SG) and the set {tα | α ∈ J}.
Fix νP ∈ χ
∗
Q(SP) and J ⊂ ∆P . Let γ ∈ χ
∗
Q(SP) and suppose that γ|SG = νP |SG. Then
γ − νP may be regarded as an element of χ
∗
Q(S
′
P) so we may define
IνP (γ) = {α ∈ ∆P | 〈γ − νP , tα〉 < 0} (12.1.1)
χ∗Q(SP)⌈νP ,J⌋ =
{
γ ∈ χ∗Q(SP)| IνP (γ) = J and γ|SG = νP |SG.
}
(12.1.2)
This last set is called the quadrant of type J . The disjoint union of the 2|∆P | quadrants,∐
J⊆∆P
χ∗Q(SP)⌈νP ,J⌋ =
{
γ ∈ χ∗Q(SP) | γ|SG = νP |SG
}
is the subset of all characters whose restriction to SG agrees with that of νP . Taking J = φ
gives
χ∗(SP)⌈νP ,φ⌋ =
{
γ ∈ χ∗Q(SP) | γ|SG = νP |SG and 〈γ, tα〉 ≥ 〈νP , tα〉 for all α ∈ ∆P
}
which was denoted χ∗Q(SP)+ in [GHM] and was denoted χ
∗
Q(SP)≥νP in [GKM]. It is the
translate by νP of the positive cone
{∑
α∈∆P
mαα
}
withmα ≥ 0.More generally, for J ⊂ ∆P
define
χ∗Q(SP)≥νP (J) =
{
γ ∈ χ∗Q(SP) | γ|SG = νP |SG and 〈γ, tα〉 ≥ 〈νP , tα〉 for all α ∈ J
}
.
(The subset χ∗Q(SP)≥νP (J) was denoted χ
∗
Q(SP)+(J) in [GHM]. One should also be aware
that, in this paper and in [GKM] each J denotes a subset of ∆P while in [GHM] the symbol
J was used to denote a collection of standard maximal parabolic subgroups containing P.
With appropriate labelings, one is the complement of the other.) Then
χ∗Q(SP)⌈νP ,J⌋ = χ
∗
Q(SP)≥νP (J) −
⋃
K(J
χ∗Q(SP)≥νP (K). (12.1.3)
Equation (12.1.3) remains valid if we replace the union on the right hand side by the union
over those K ⊂ J such that |K| = |J | − 1.
If H is an SP module such that SG acts on H through the character νP |SG then one
may define H⌈νP ,J⌋ (resp. H≥νP , resp. H≥νP (J)) to be the sum of those weight spaces Hγ for
which γ ∈ χ∗Q(SP)⌈νP ,J⌋ (resp. γ ∈ χ
∗
Q(SP)≥νP , resp. γ ∈ χ
∗
Q(SP)≥νP (J)).
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12.2. Weighted cohomology. As in §2, let D denote the symmetric space associated to
G, K ′ = AGK(x0) denote the stabilizer in G of a fixed basepoint x0 ∈ D, Γ ⊂ G(Q) be a
neat arithmetic group and X = Γ\D. Let G → GL(E) be a finite dimensional irreducible
representation of G on some complex vectorspace E. It gives rise to a local system E =
(G/K ′)×ΓE on X = Γ\G/K. Let P0 be the standard minimal rational parabolic subgroup
with S0 = SP0 . Fix ν ∈ χ
∗
Q(S0) so that ν|SG coincides with the character by which SG
acts on E. Then ν defines a weight profile in the sense of [GHM]: if Q ⊇ P0 is a standard
rational parabolic subgroup then set νQ = ν|SQ and
χ∗Q(SQ)+ = χ
∗
Q(SQ)≥νQ = χ
∗
Q(SQ)⌈νQ,φ⌋
These definitions may be extended to arbitrary rational parabolic subgroups by conjugation.
We obtain from [GHM] a complex of fine sheaves, WνC•(E) on the reductive Borel-Serre
compactification X of X , whose (hyper)-cohomology groups W νH∗(X,E) are the weighted
cohomology groups. Let i : X → X denote the inclusion. Recall from [GHM] §13 that a
choice of basepoint induces an isomorphism
Hjx(Ri∗(E))
∼= Hj(NQ, E)
between the stalk cohomology at a point x ∈ XQ of the complex of sheaves Ri∗(E) and the
Lie algebra cohomology of NQ. The weighted cohomology complex is obtained by applying a
weight truncation to the complex Ri∗(E) with the result that its stalk cohomology becomes
Hjx(W
νC•(E)) = Hj(NQ, E)≥νQ. (12.2.1)
12.3. Remarks on sheaf theory. In the next few sections we will need to use the formal-
ism of the derived category of sheaves, and some relations between the standard functors, for
which we refer to [GM4], [GM2], [Bo5], [I], [KS], [GeM]. Specifically, if X is a subanalytic
set we denote by Db(X) the bounded (cohomologically-) constructible derived category of
sheaves of complex vectorspaces on X . An element S• ∈ Db(X) is a complex of sheaves,
bounded from below, whose cohomology sheavesHi(S•) are finite dimensional and are locally
constant on each stratum of some subanalytic stratification of X . The hypercohomology
of S• will be denoted H∗(S•) and the stalk cohomology at a point x ∈ X will be denoted
H∗x(S
•). Denote by S[n]• the shifted sheaf, S[n]p = Sn+p. The derived category Db(X) sup-
ports the standard operations of RHom, ⊗, Rf∗, Rf!, f
∗, and f !. There are many relations
between these functors, of which we mention a few that we will use:
If f : Y → X is a normally nonsingular embedding ([GM4] §5.4) then there is a canonical
isomorphism
f !(S•) ∼= f ∗(S•)⊗OX/Y [−d] (12.3.1)
where OX/Y denotes the orientation bundle (or top exterior power) of the normal bundle of
Y in X , and where d denotes the codimension of Y in X . If f : X → pt is the map to a
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point then DX = f
!(C) is the dualizing complex. If X is an n-dimensional manifold (or even
a rational homology manifold) then DX ∼= OX [n] where OX denotes the orientation bundle.
12.4. Cohomology with supports. Let X be a compact subanalytic set and let S• be a
(cohomologically) constructible complex of sheaves on X. Suppose Y ⊂ W ⊂ X are locally
closed subsets with inclusions
Y −−−→
hY
W −−−→
jW
X
Define the restriction of S• to Y with compact supports in W to be the complex of sheaves
B• = h!Y j
∗
WS
•. (12.4.1)
If Y = {y} is a single point, then the cohomology of this complex is the relative cohomology
group
Hm(B•) = Hm(Bǫ ∩X, ∂Bǫ ∩W ;S
•), (12.4.2)
where Bǫ is a sufficiently small ball around y (with respect to some subanalytic embedding
in Euclidean space) and ∂Bǫ is its boundary.
Now suppose X is the reductive Borel-Serre compactification of a locally symmetric space
X = Γ\G/K as in §12.2, and that S• = WνC•(E) is the weighted cohomology sheaf
constructed with respect to some weight profile ν and local system E as in §12.2. Let
Y = XP be some stratum and letW = XQ be the closure of a larger stratum, corresponding
to some rational parabolic subgroup Q ⊃ P. Form B• = h!Y j
∗
WW
νC•(E) as above. Write
∆P = i(∆Q)∐ I as in (2.4.1).
12.5. Theorem. The cohomology sheaf Hm(B•) is isomorphic to the local system on XP
which is associated to the following LP -submodule of the NP -cohomology,
Hm−|I|(NP ,E)⌈νP ,I⌋ (12.5.1)
12.6. Proof of theorem 12.5. The proof follows closely the computation [GHM] §18 of
the weighted cohomology of the link Ly. First let us recall some generalities. Each stratum
XP of the reductive Borel-Serre compactification X is a rational homology manifold. If Γ
is neat, then each stratum is a smooth manifold. Suppose S• is a complex of sheaves whose
cohomology sheaves are locally constant on each stratum of X. Let Y = XP ⊂ W = XQ
as above. The choice of basepoint x0 ∈ D determines a basepoint y ∈ Y. Let Ny ⊂ X be a
normal slice (cf. [GM3] §5.4) to the stratum Y at the point y. Let k : Ny ∩W → X denote
the inclusion, and let iy and ay denote the inclusions of y into Y and Ny ∩W respectively.
Then the stalk cohomology of B• = h!Y j
∗
WS
• is given by
Hmy (B
•) = Hm(i∗yh
!
Y j
∗
WS
•) ∼= Hm(a!yk
∗S•) (12.6.1)
which in turn may be identified with the relative cohomology group
Hm(Bǫ ∩Ny, ∂Bǫ ∩Ny ∩XQ;S
•) (12.6.2)
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(where Bǫ is a sufficiently small ball around y, chosen with respect to some locally defined
subanalytic embedding of X into some Euclidean space).
These isomorphisms are deduced from the following fiber squares
y −−−→
ay
Ny ∩W −−−→
kW
Ny
iy
y y ykN
Y −−−→
hY
W −−−→
jW
X
(12.6.3)
where k = kNkW . In the case that S
• = WνC• we will compute (12.6.2) using the long
exact cohomology sequence for the pair.
Step 1. Construct an isomorphism of LP -modules,
Hc(∂Bǫ ∩Ny ∩XQ;W
νC•(E)) ∼= Hc−|I|+1(NP ,E)⌈νP ,I⌋ ⊕H
c(NP ,E)≥νP (12.6.4)
In order to simplify notation, let us choose a labeling {α1, α2, . . . , αs} = ∆P of the simple
roots. As in [GHM] §8.8, the link Ly = ∂Bǫ∩Ny comes with a natural mapping δ : Ly → ⊲
s−1
to the s− 1 dimensional simplex,
⊲s−1 = {(x1, x2, . . . , xs) ∈ R
s| 0 ≤ xi ≤ 1 and
∑
xi = 1}
For any subset J ⊂ {1, 2, . . . , s} let J denote its complement. Associated to J there is a
(closed) face of dimension |J | − 1,
⊲J = {x ∈ ⊲
s−1| xj = 0 for all j ∈ J}
whose interior we denote by ⊲oJ . Each ⊲{j} is a vertex of ⊲
s−1; the face ⊲J is spanned by the
vertices ⊲{j} such that j ∈ J. Let U{j} = St(⊲{j}) be the open star of the vertex ⊲{j}. These
form a covering of ⊲s−1 whose multi-intersections we denote by
UJ =
⋂
j∈J
U{j}.
Then
UJ = St(⊲
o
J) =
⋃
{F o| F is a face of ⊲s−1 and F ⊇ ⊲J}
is the open star of the interior of the face ⊲J .
If we think of stratifying the simplex ⊲s−1 by the interiors of its faces, then the mapping
δ : Ly → ⊲
s−1 is a stratified mapping: for any J ⊂ {1, 2, . . . , s} it maps Ly ∩XP (J) to the
interior ⊲oJ of the face ⊲J , and in particular
Ly ∩XQ = δ
−1(⊲I).
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The fiber over any interior point s ∈ ⊲oI is the nilmanifold (Γ∩ UQ)\UQ. As in [GHM] §18.5,
the (weighted) cohomology of Ly ∩XQ can be computed using the Mayer-Vietoris spectral
sequence for the covering by open stars (for i ∈ I),
V{i} = δ
−1(U{i} ∩ ⊲I)
of the vertices of ⊲I . Set VJ = δ
−1(UJ ∩ ⊲I). The groups E
a,b
1 are cohomology groups of
multi-intersections of open sets in this covering, and were computed in [GHM] lemma 18.5,
Ea,b1 =
⊕
|J |=a+1
J⊂I
W νHb(
⋂
j∈J
V{j};E) =
⊕
|J |=a+1
J⊂I
W νHb(VJ ;E)
=
⊕
|J |=a+1
J⊂I
Hb(NP , E)≥νP (J).
The E1 differential is given (up to sign) by inclusion, so the argument of [GHM] §18.7
applies here as well: the spectral sequence collapses at E2, which has only two possibly
nonzero columns: E0,b2 = H
b(NP , E)≥νP and, using (12.1.3),
E
|I|−1,b
2 =
Hb(NP , E)≥νP (I)∑
|K|=|I|−1
K⊂I
Hb(NP , E)≥νP (K)
= Hb(NP , E)⌈νP ,I⌋
which contributes to W νH∗(δ−1St(⊲I), E) in degree |I| − 1 + b. So we obtain a split short
exact sequence (with c = |I| − 1 + b),
0→ Hc−|I|+1(NP , E)⌈νP ,I⌋ →W
νHc(Ly ∩XQ;E)→ H
c(NP , E)≥νP → 0
which completes the proof of (12.6.4).
Step 2. As in [GHM] §18.11, the long exact sequence for the pair (12.6.2) splits into split
short exact sequences,
0→ Hc(Bǫ ∩Ny)→ H
c(∂Bǫ ∩Ny ∩XQ)→ H
c+1(Bǫ ∩Ny, ∂Bǫ ∩Ny ∩XQ)→ 0.
But H∗(Bǫ ∩ Ny) = H
∗(Bǫ) = H
∗(NP , E)≥νP is the stalk cohomology at y of the weighted
cohomology sheaf. This kills the second summand in (12.6.4), leaving
Hmy (B
•) ∼= Hm(Bǫ ∩Ny, ∂Bǫ ∩Ny ∩XQ;W
νC•(E)) ∼= Hm−|I|(NP ,E)⌈νP ,I⌋ (12.6.5)
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Step 3. We briefly indicate why the isomorphism (12.6.5) extends to an isomorphism of flat
vectorbundles on XP ,
Hm(B•) ∼= Hm−|I|(NP ,E)⌈νP ,I⌋ ×ΓL(P ) LP/KPAP
(where ΓL(P ) = νP (Γ ∩ P ) is the projection of Γ ∩ P to the Levi quotient LP and where it
acts on H∗(NP ,E) by conjugation). Let i : X → X denote the inclusion. In [GHM] §17,
special differential forms are used in order to identify the restriction Hm(Ri∗E)|XP with the
flat vectorbundle
Hm(NP , E)⌈νP ,φ⌋ ×ΓL(P ) LP/KPAP .
But each of the cohomology groups appearing in Step 2 (above) is an LP -submodule of
H∗(NP , E) and the corresponding bundle on XP is a sub-bundle of H
∗Ri∗(E)|XP (while the
shift by |I| corresponds to tensoring with a trivial vectorbundle on XP ). So it suffices to
verify that the stalk cohomology modules agree at the basepoint, which we have done.
12.7. Kostant’s theorem. In this section we will use Kostant’s theorem [Ko] to explicitly
evaluate the cohomology group (12.5.1). Let B ⊂ G be a Borel subgroup (over C), chosen
so that B(C) ⊂ P0(C) ⊂ P(C). Choose a maximal torus T (over C) of G so that
SP(C) ⊂ S0(C) ⊂ T(C) ⊂ BL(C) (12.7.1)
whereBL = B∩LP is the corresponding Borel subgroup of LP. This gives rise to root systems
ΦG = Φ(G(C),T(C)) and ΦL = Φ(LP(C),T(C)) with positive roots Φ
+
G = Φ(UB(C),T(C))
and Φ+L = ΦL ∩Φ
+
G (determined by the Borel subgroups B ⊂ G and BL ⊂ LP respectively.)
Let ρB =
1
2
∑
α∈Φ+
G
α.
LetWG = W (G(C),T(C)) denote theWeyl group ofG(C) and letWP =W (LP(C),T(C))
denote the Weyl group of LP(C). The choice of B determines a length function ℓ on WG.
Let W 1P ⊂ WG denote the set of Kostant representatives: the unique elements of minimal
length from each of the cosets WPx ∈ WP\WG. As in [Sp] §10.2 or [Vo] §3.2.1, it may also
be described as the set
W 1P = {w ∈ W | w
−1(Φ+L ) ⊂ Φ
+
G}
(and depends on the choice of BL ⊂ LP).
If β ∈ χ∗(T(C)) isBL-dominant, let us write V
L
β for the irreducible LP-representation with
highest weight β. Let λB ∈ χ
∗(T(C)) be the highest weight of the irreducible representation
E of G. Kostant’s theorem states that for all w ∈ W 1P , the weight w(λB + ρB) − ρB is
BL-dominant, and that as an LP-module, the cohomology group H
i(NP , E) is isomorphic
to ⊕
{V Lw(λB+ρB)−ρB | w ∈ W
1
P and ℓ(w) = i}.
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If w ∈ WG then the character w(λB + ρB)− ρB − ν is trivial on SG so we may define
Iν(w) = {α ∈ ∆P | 〈(w(λB + ρB)− ρB − ν)|S
′
P, tα〉 < 0} (12.7.2)
where {tα} form the basis of the cocharacter group χ
Q
∗ (S
′
P) which is dual to the basis ∆P of
simple roots, cf. (12.1.1). So in the notation of (12.1.1),
Iν(w) = Iν(γ) where γ = (w(λB + ρB)− ρB)| SP.
To summarize we have,
12.8. Proposition. Kostant’s theorem determines an isomorphism of graded LP-modules,
H∗(NP ,E)⌈νP ,I⌋
∼=
⊕
w∈W 1P
Iν(w)=I
V Lw(λB+ρB)−ρB [−ℓ(w)] (12.8.1)
where the sum is taken over all w ∈ W 1P such that Iν(w) = I, and where V
L
β [−m] means
that the irreducible LP-module V
L
β appears in degree m.
13. Lefschetz numbers
13.1. In this section we recall the Lefschetz fixed point theorem for hyperbolic correspon-
dences from [GM2] §10.3.
Suppose C, X and Y are compact subanalytic spaces and that c = (c1, c2) : C → X × Y
is a subanalytic mapping. (The bars are used so that the notation here will agree with
that in the rest of the paper.) Let S• ∈ Db(X) be a (bounded from below) complex of
(cohomologically) constructible sheaves on X and let T• ∈ Db(Y ) be a (bounded from
below) complex of (cohomologically) constructible sheaves on Y . Since c is proper we have
c∗ = c!. A lift of the correspondence C to the sheaf level ([Ve, GI, Bo5]) is a morphism
Φ : c∗2T
• → c!1S
• (13.1.1)
Such a morphism induces a homomorphism H∗(Y ;T•)→ H∗(X ;S•) as follows. First apply
(c1)! and adjunction to obtain a morphism
(c1)!c
∗
2T
• → (c1)!c
!
1S
• → S• (13.1.2)
Let p : X → pt and q : Y → pt be the map to a point. Then the diagram
X × Y −−−→
π2
Y
π1
y yq
X −−−→
p
pt
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is a fiber square so there is an adjunction natural transformation [GM2] (2.6b), q!(π2)∗ →
p∗(π1)!. Apply q! to the adjunction morphism T
• → (c2)∗c
∗
2T
• and use (13.1.2) to obtain
q!T
• → q!(c2)∗c
∗
2T
• = q!(π2)∗c∗c
∗
2T
•
→ p∗(π1)!c∗c
∗
2T
• = p∗(c1)!c
∗
2T
• → p∗S
•
This morphism induces the desired mapping on cohomology. (It may also be constructed
by applying p!(c2)∗ to (13.1.1) rather than q∗(c1)!.)
In what follows, we suppose X = Y and S• = T•, so c = (c1, c2) : C → X × X is a
correspondence on X and Φ : c∗2S
• → c!1S
• is a lift to the sheaf level. The Lefschetz fixed
point theorem states that the resulting Lefschetz number
L(S•, C) =
∑
i≥0
Tr (Φ∗ : H i(X ;S•)→ H i(X;S•)) =
∑
F
L(S•, C, F )
is a sum of locally defined contributions L(S•, C, F ), one for each connected component
F ⊂ C of the fixed point set of the correspondence C.
Let F ⊂ C be a connected component of the fixed point set and suppose that the corre-
spondence C is weakly hyperbolic (§11.7) near F ′ = c1(F ) = c2(F ) with indicator mapping
t : W → R≥0 × R≥0. (This means that W ⊂ X is a neighborhood of F
′, that t is a proper
subanalytic mapping such that t−1(0, 0) = F ′, and that for all x ∈ c−11 (W ) ∩ c
−1
2 (W ) we
have t1c1(x) ≤ t1c2(x) and t2c1(x) ≥ t2c2(x).) Denote by h and j the inclusions
F ′
h
−−−→ t−1(R≥0 × {0})
j
−−−→ X
of F ′ into the “expanding set” or “unstable manifold” F− = t−1(R≥0×{0}), and of F
− into
X .
Let A• = h!j∗(S•) as in §12.4. Then the lift Φ determines a lift Ψ′ : c∗2A
• → c!1A
• which,
by adjunction, induces an endormorphism Ψ : A• → A• (which covers the identity mapping
on F ′). In [GM2] we prove:
13.2. Theorem. The contribution L(S•, C, F ) of F to the global Lefschetz number L(S•, C)
is given by
L(S•, C, F ) =
∑
i≥0
(−1)iTr(Ψ∗ : H i(F ′;A•)→ H i(F ′;A•))
Moreover, if F ′ =
∐m
α=1 F
′
α is stratified so that the pointwise Lefschetz number n(x) =∑
i≥0(−1)
iTr(Ψ∗x : H
i
x(A
•) → H ix(A
•)) is constant on each stratum, then the local contri-
bution is the sum over strata,
L(S•, C, F ) =
m∑
α=1
χc(F
′
α)n(xα) (13.2.1)
(where xα ∈ F
′
α and where χc denotes the Euler characteristic with compact supports).
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13.3. Morphisms and weighted cohomology. In this section we show how to lift any
morphism to the weighted cohomology sheaf. As in §2, G denotes a connected linear re-
ductive algebraic group defined over Q, D denotes the associated symmetric space, K ′ =
AGK(x0) is the stabilizer in G of a fixed basepoint x0 ∈ D, Γ ⊂ G(Q) is a neat arithmetic
group and X = Γ\D. As in §12.2 let τ : G → GL(E) be a finite dimensional irreducible
representation on some complex vectorspace. It gives rise to the local coefficient system (flat
homogeneous vectorbundle) E = (G/K ′) ×Γ E which is the quotient of (G/K
′) × E under
the equivalence relation (xK ′, v) ∼ (γxK ′, τ(γ)v) for all γ ∈ Γ. Denote by [xK ′, v] ∈ E the
resulting equivalence class. Let P0 be the standard minimal rational parabolic subgroup
with S0 = SP0 . Fix ν ∈ χ
∗
Q(S0) so that ν|SG coincides with the character by which SG acts
on E and letWνC•(X;E) denote the resulting weighted cohomology complex of sheaves on
X.
Suppose Γ′ ⊂ Γ is a subgroup of finite index, set C = Γ′\G/K, and let f : C → X
be a morphism, i.e., there exists g ∈ G(Q) such that gΓ′g−1 ⊂ Γ and f(Γ′xK) = ΓgxK.
Let E′ → C be the local coefficient system on C which is determined by the representation
τ : G → GL(E). The morphism f is covered by a mapping E′ → E of local systems given
by [xK, v] 7→ [gxK, τ(g)v]. This mapping is easily seen to be well defined, and it induces
an isomorphism of local systems E′ ∼= f ∗(E) on C. Since f : C → X is an unramified
finite covering, it further induces a canonical quasi-isomorphism of the sheaves of smooth
differential forms with coefficients in this local system, f ∗Ω•(X ;E)→ Ω•(C;E′).
The morphism f : C → X admits a unique continuous extension f : C → X to the
reductive Borel-Serre compactifications (Lemma 6.3). If iC : C → C and iX : X → X
denote the inclusions then the adjunction mapping [GM2] equation (2.5a),
f
∗
(iX)∗Ω
•(X ;E)
∼=
−−−→ (iC)∗f
∗Ω•(X ;E)
∼=
−−−→ (iC)∗Ω
•(C;E)
is a quasi-isomorphism. It is easy to see that this induces a quasi-isomorphism
f
∗
WνC•(X;E)→WνC•(C;E′) (13.3.1)
of weighted cohomology sheaves. (In fact the whole construction of the weighted cohomology
sheaf on X pulls back to the construction of weighted cohomology on C.)
Let g ∈ G(Q). Then g gives rise to a Hecke correspondence (c1, c2) : C → X . Here, C
is the reductive Borel-Serre compactification of C = Γ′\G/K with Γ′ = Γ ∩ g−1Γg. Both
mappings c1 and c2 are finite so there are natural isomorphisms of functors c
∗
i
∼= c!i and
(ci)∗ ∼= (ci)! (for i = 1, 2). From the preceding paragraph we obtain a canonical lift
Φ : c∗2W
νC•(X;E)→ c!1W
νC•(X ;E) (13.3.2)
to the weighted cohomology sheaves, which is given by the composition
c∗2W
νC•(X ;E)
∼=
−−−→ WνC•(C;E)
∼=
←−−− c∗1W
νC•(X ;E) ∼= c!1W
νC•(X;E).
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13.4. Computation of the local contribution. For the remainder of §13, fix a Hecke
correspondence C ⇒ X which is determined by some element g ∈ G(Q). Fix a regular
Γ-equivariant parameter b ∈ B which is so large that the resulting tilings {DP} of D, {XP}
of X and {CP} of C are narrow (§6.11) with respect to the Hecke correspondence. Choose
t ∈ AP0(> 1) to be regular, dominant, and sufficiently close to 1 as in Proposition 11.2, with
resulting shrink homeomorphism Sh(t), and let (c′1, c
′
2) : C ⇒ X be the resulting modified
correspondence. It is easy to see that Sh(t)∗(WνC•) ∼=WνC• so we may consider (13.3.2)
to be a lift of the modified correspondence as well.
Suppose the Hecke correspondence preserves some stratum CP . According to Proposition
7.3, locally near CP the correspondence is isomorphic to the parabolic Hecke correspondence
Γ′P\D[P ]⇒ ΓP\D[P ] which is given by some y ∈ P(Q)∩ΓgΓ and to which we may associate
a decomposition ∆P = ∆
+
P ∪ ∆
−
P ∪ ∆
0
P of the simple roots. Suppose that CP contains
fixed points and denote by FP (e) ⊂ CP the set of fixed points with characteristic element
e ∈ ΓLy¯ΓL ⊂ LP(Q).
By Proposition 8.4 the torus factor ae ∈ AP of e coincides with the torus factor ay so the
set ∆+P (resp. ∆
−
P , resp. ∆
0
P ) consists of those simple roots α ∈ ∆P for which α(ae) < 0
(resp. > 0, resp. = 0). Hence we may write ∆+P = ∆
+
P (e) (resp. ∆
−
P = ∆
−
P (e), resp.
∆0P = ∆
0
P (e)).
As in §12.7, choose a Borel pair T(C) ⊂ B(C) so that (12.7.1) holds. Assume the local
system E arises from an irreducible representation of G with highest weight λB ∈ χ
∗(T(C)).
Let ρB =
1
2
∑
α∈Φ+
G
α ∈ χ∗(T(C)) denote the half-sum of the positive roots. Let r = [Γ∩UP :
Γ′ ∩ UP ].
13.5. Theorem. The contribution to the Lefschetz number from the fixed point constituent
FP (e) is:
rχc(FP (e))(−1)
|∆+
P
|
∑
w∈W 1P
Iν(w)=∆
+
P
(e)
(−1)ℓ(w)Tr(e−1;V Lw(λB+ρB)−ρB)
where Iν(w) is defined in (12.7.2).
The proof will occupy the rest of this section.
13.6. The nilmanifold correspondence. The Hecke correspondence C ⇒ X extends to
a correspondence on the Borel-Serre compactification
C˜ ⇒ X˜ (13.6.1)
which is compatible with the projection µ : X˜ → X to the redutive Borel-Serre compactifi-
cation. Let w′ ∈ FP (e) and set w = c1(w
′) = c2(w
′). The restriction of the correspondence
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to the relevant Borel-Serre stratum is given by
Y ′P = Γ
′
P\P/KPAP ⇒ YP = ΓP\P/KPAP (13.6.2)
Γ′PxKPAP 7→ (ΓPxKPAP ,ΓPyxKPAP ). (13.6.3)
(Here, Γ′P = ΓP ∩ y
−1ΓP y.) The fibers NP = µ
−1(w) ⊂ YP and N
′
P = (µ
′)−1(w′) ⊂ Y ′P
are nilmanifolds isomorphic to ΓU\UP and Γ
′
U\U respectively, where ΓU = ΓP ∩ UP and
Γ′U = Γ
′
P ∩ UP = Γ ∩ y
−1ΓUy. So the correspondence 13.6.1 restricts to a correspondence
N ′P ⇒ NP which will be described below. The following diagram may help in sorting out
these spaces.
N ′P⇒NP Y
′
P⇒YP C˜⇒X˜y y in y y in y y
w′⇒ w CP⇒XP C⇒X
13.7. Lemma. Let φ : LP → GL(H
∗(NP , E)) denote the adjoint representation of the
Levi quotient LP on the Lie algebra cohomology of NP . Let w
′ ∈ FP (e) be a fixed point
in CP with characteristic element e ∈ LP . Then the nilmanifold correspondence (c1, c2) :
N ′P ⇒ NP induces a mapping (c1)∗c
∗
2 : H
∗(NP ,E) → H
∗(NP ,E) on cohomology which,
under the Nomizu-van Est isomorphism H∗(NP ,E) ∼= H
∗(NP , E) may be identified with the
homomorphism
rφ(e−1)
where r = [ΓU : Γ
′
U ].
13.8. Proof. First we find equations for the nilmanifold correspondence. Choose a lift
xKPAP ∈ D = P/KPAP of the fixed point w
′ = Γ′PxKPAPUP ∈ CP . This determines a
parametrization of the nilmanifold NP by
ΓU\U −→ NP ⊂ YP = ΓP\P/KPAP (13.8.1)
ΓUz 7→ ΓP zxKPAP (13.8.2)
and similarly Γ′U\U −→ N
′
P by Γ
′
Uz 7→ Γ
′
PzxKPAP .
Since w′ is fixed, we have ΓPxUPKPAP = ΓP yxUPKPAP hence there exists γ ∈ ΓP
and u ∈ UP so that γyuxKPAP = xKPAP , in other words, so that γyu fixes the point
xKPAP in the Borel-Serre boundary component P/KPAP . Then e = νP (γy) = νP (γyu) is
the characteristic element of the fixed point w′. Define N ′P ⇒ NP by
Γ′Uz 7→ (ΓUz,ΓU(γy)zu
−1(γy)−1). (13.8.3)
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A simple calculation shows that the following diagram commutes,
Γ′U\U
(13.8.3)
⇒ ΓU\U
(13.8.2)
y∼= ∼=y(13.8.2)
N ′P ⇒ NPy y
Y ′P
(13.6.3)
⇒ YP
Next we will apply the theorem of Nomizu [No1] and van Est [E] to this correspondence.
The local system E → X which is defined by the representation τ : G → GL(E) extends
canonically to a local system on the Borel-Serre compactification X˜ and its restriction to
the nilmanifold NP is given by the quotient E|NP = U ×ΓU E under the relation (z, v) ∼
(γz, τ(γ)v) (for γ ∈ ΓU , z ∈ UP , and v ∈ E). The complex Ω
•(NP ,E) of smooth E-valued
differential forms on NP consists of sections of the (flat) vectorbundle
C•(NP ,E) = UP ×ΓP C
•(NP , E)
where C•(NP , E) = HomC(∧
•NP , E) is the complex of Lie algebra cochains. Let φ be the
representation of P on this complex: if ∧•Ad(p) : ∧•NP → ∧
•NP denotes the adjoint action
of p ∈ P on the exterior algebra of NP , then
φ(p)(s) = τ(p) ◦ s ◦ ∧•Ad(p).
Denote by
Ω•inv(UP , E) = {ω : UP → C
•(NP , E) | ω(ux) = φ(u)ω(x) for all u, x ∈ UP } (13.8.4)
the complex of (left) UP -invariant E-valued differential forms on UP . Such a differential
form is determined by its value s = ω(1) ∈ C•(NP , E), and it passes to a differential form
on NP . Denote by Ω
•
inv(NP ,E) the collection of all such “left”-invariant differential forms.
The Nomizu-van Est theorem ([No1, E])states that the inclusion Ω•inv(NP ,E) →֒ Ω
•(NP ,E)
induces an isomorphism on cohomology. In summary we have a diagram
C•(NP , E)
∼=
←−−− Ω•inv(UP , E)
∼=
←−−− Ω•inv(NP ,E) →֒ Ω
•(NP ,E)
of isomorphisms and quasi-isomorphisms. Although the group P does not act on the vec-
torbundle C•(NP ,E), it does act on the complex Ω
•
inv(NP ,E)
∼= Ω•inv(UP , E) of invariant
sections by
(p · ω)(x) = φ(p)−1ω(pxp−1)
and the group UP acts on this complex by
(u · ω)(x) = ω(xu−1).
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If ω ∈ Ω•inv(NP ,E) is given by (13.8.4) then by (13.8.3) its pullback by c2 is given by
c∗2(ω)(z) = φ(γy)
−1ω((γy)zu−1(γy)−1).
Evaluating at z = 1 and using the fact that ω is left invariant,
c∗2(ω)(1) = φ(u)
−1φ(γy)−1ω(1).
Let s = ω(1) ∈ C•(NP , E), suppose ds = 0 and let [s] ∈ H
∗(NP , E) be the resulting
cohomology class. Since UP acts trivially on this cohomology,
c∗2([s]) = φ(e)
−1[s]
where e = νP (γy) is the characteristic element of the fixed point w. Finally, observe that
the pushforward mapping (c1)∗ : H
∗(N ′P ,E) → H
∗(NP ,E) is given by multiplication by
r = [ΓU : Γ
′
U ]. This completes the proof of lemma 13.7.
13.9. Proof of Theorem 13.5. We will apply the Lefschetz fixed point formula to the
modified Hecke correspondence. By Proposition 11.2, after modifying the correspondence
by composing with Sh(t), the fixed point constituent FP (e) becomes “truncated”, that is,
it becomes replaced by the intersection F 0P (e) = FP (e) ∩ C
0
P of FP (e) with the central tile
in CP . Denote by ∂F
0 = FP (e) ∩ ∂C
0
P its intersection with the boundary of the central tile.
Set F ′ = c1(FP (e)) = c2(FP (e)). Set E = F
′ ∩ X0P = ci(F
0
P (e)) and ∂E = F
′ ∩ ∂X0P =
ci(∂F
0). (Having used up all the letters some time ago, we temporarily re-use the notation
E here, hoping the reader will not confuse it with the local system.) Note that E − ∂E is
diffeomorphic to F ′.
By theorem 11.9 the (modified) Hecke correspondence is weakly hyperbolic near FP (e)
and an indicator mapping (defined in a neighborhood U ⊂ X of F ′) is given by
t(x) =
(∑
α∈∆+
P
rPα (x) + dEπP (x),
∑
α∈∆−
P
rPα (x) +
∑
α∈∆0
P
rPα (x)
)
(13.9.1)
Let Q ⊃ P be the rational parabolic subgroup corresponding to the subset I = ∆+P ⊂ ∆P
consisting of the simple roots for which the Hecke correspondence is (strictly) expanding.
Then, in the notation of (2.4.1), ∆P = i(∆Q)∐∆
+
P . The partial distance function r
P
α vanishes
on the stratum XQ whenever α ∈ ∆
−
P ∪∆
0
P , cf. (3.5.2). Hence XQ ∩ U = t
−1(R≥0 × {0}) is
the “expanding set” of the correspondence.
According to Theorem 13.2 we need to compute the stalk cohomology (at points w ∈ E)
of the sheaf
A• = h!j∗WνC•(E)
where
E −−−→
h
XQ −−−→
j
X.
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This is best accomplished by decomposing h,
E −−−→
h1
F ′ −−−→
h2
XP −−−→
h3
XQ −−−→
j
X
Then B• = h!3j
∗WνC•(E) is the sheaf studied in Theorem 12.5, where we have taken
I = ∆+P . Its stalk cohomology is locally constant on XP and was shown to be
H iw(B
•) ∼= Hj−|∆
+
P
|(NP ,E)⌈νP ,∆+P⌋
Since h2 is a smooth closed embedding we have a canonical quasi-isomorphism (12.3.1)
C• := h!2B
• ∼= h∗2(B
•)⊗O[−c]
where c = dim(XP ) − dim(F
′ ∩ XP ) and where O is the orientation bundle (i.e. the top
exterior power) of the normal bundle of F ′∩XP in XP . The complex C
• is constructible with
respect to the stratification of X, meaning that its cohomology sheaves are locally constant
on XP , hence also on E. But E is a manifold with boundary, so
h!1C
• ∼= i!C
•|(E − ∂E) (13.9.2)
is obtained by first restricting to the interior E − ∂E and then extending by 0. (Here,
i : E − ∂E → E denotes the inclusion.) Thus the cohomology of h!1C
• is the compactly
supported cohomology H ic(E − ∂E;C
•) ∼= H ic(F
′;C•).
Next we must compute the pointwise Lefschetz number n(w) for w ∈ E, that is, the
alternating sum of the traces on the stalk cohomology of A• = h!1C
•. By (13.9.2) it is 0
when w ∈ ∂E, so let w ∈ E − ∂E. Then
H iw(C
•) = H i−cw (h
∗
2B
• ⊗O) (13.9.3)
= H i−c−|∆
+
P
|(NP , E)⌈νP ,∆+P⌋
⊗ Ow. (13.9.4)
By §8.6, the mapping c1 : FP (e) → F
′ is a covering of degree d = [ΓL ∩ y¯
−1ΓLy¯ :
νP (ΓP ∩ y
−1ΓP y)]. Near each fixed point w
′ ∈ c−11 (w) the Hecke correspondence acts on the
NP -cohomology through the homomorphism rφ(e
−1) (using Lemma 13.7), and by §8.7 it
acts on Ow by (−1)
c. Summing these contributions over the d different points in c−11 (w)
gives
n(w) = dr(−1)−c−|∆
+
P
|(−1)c
∑
i≥0
(−1)iTr(φ(e−1);H i(NP ,E)⌈νP ,∆+P⌋
) (13.9.5)
= dr(−1)|∆
+
P
|
∑
v∈W 1
P
Iν(v)=∆
+
P
(−1)ℓ(v)Tr(e−1;V Lv(λB+ρB)−ρB) (13.9.6)
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by Proposition 12.8. The contribution arising from FP (e) is this quantity times χc(E−∂E) =
χc(F
′). However (by §8.6), χc(FP (e)) = dχc(F
′) which absorbs the factor of d in (13.9.6)
and therefore completes the proof of Theorem 13.5.
14. Proof of Theorem 1.4
14.1. As in §2, G denotes a connected reductive linear algebraic group defined over Q,
D = G/K ′ is its associated symmetric space with basepoint x0 ∈ D and stabilizer K
′ =
AGK(x0). Let Γ ⊂ G(Q) denote an arithmetic subgroup which we assume to be neat, and
X = Γ\D. Throughout this section we fix a Hecke correspondence (c1, c2) : C ⇒ X defined
by some element g ∈ G(Q). So C = Γ′\D with Γ′ = Γ ∩ g−1Γg. We also fix a Γ-equivariant
tiling of D which is narrow with respect to the Hecke correspondence. Choose t ∈ AP0(> 1)
in accordance with Proposition 11.2.
Let F ⊂ C denote the (full) fixed point set of the Hecke correspondence C ⇒ X and let
E denote the (full) fixed point set of the modified Hecke correspondence (11.1.1). Then
F =
∐
{P}
F ∩ CP and E =
∐
{P}
F ∩ C0P
where the union is over the strata of C, that is, over Γ′-conjugacy classes of rational parabolic
subgroups P ⊆ G. Each F ∩ C0P is a union of connected components of E by Proposition
11.2. The Lefschetz fixed point theorem (Theorem 13.2) may be used to write the Lefschetz
number as a sum over these individual strata.
14.2. Contribution from a single stratum. Let P ⊆ G be a rational parabolic subgroup
and suppose that c1(CP ) = c2(CP ) = XP . By Proposition 7.3, in a neighborhood of CP
the correspondence is isomorphic to the parabolic Hecke correspondence determined by
some y ∈ ΓgΓ ∩ P and moreover (in this neighborhood) the fixed points of the modified
correspondence coincide with those of E ∩ CP = F ∩ C
0
P .
If FP (e) denotes the set of fixed points in CP with characteristic element e ∈ ΓLy¯ΓL, then
by Proposition 8.4,
F ∩ CP =
∐
{e}
FP (e) and E ∩ CP =
∐
{e}
FP (e) ∩ C
0
P (14.2.1)
where the union is over ΓL−conjugacy classes of elements {e} ⊂ ΓLy¯ΓL which are elliptic
modulo AP . (Here, ΓL = νP (Γ ∩ P ) ⊂ LP and y¯ = νP (y).) For each such conjugacy class
{e}, the set FP (e) consists of finitely many connected components, say, F1, F1, . . . , Fm. The
contribution to the Lefschetz number from the component Fj is given by Theorem 13.5. By
(8.4.1) (see also §8.6, §15.7 ),
m∑
j=1
χc(Fj) = χc(FP (e)) = χc(Γ
′
e\Le/K
′
e).
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So the contribution to the Lefschetz number from the stratum CP ⇒ XP is
L(P, y) :=
∑
{e}
χc(Γ
′
e\Le/K
′
e)r(−1)
|∆+
P
|
∑
w∈W 1
P
Iν(w)=∆
+
P
(e)
(−1)ℓ(w)Tr(e−1;V Lw(λB+ρB)−ρB) (14.2.2)
where the index set for the first sum is the same as that for the union in (14.2.1). This
quantity L(P, y) depends only on the local system E, the choice of parabolic subgroup P
and the element y ∈ P.
14.3. Sum over strata. Let P1,P2, . . . ,Pt denote a collection of representatives, one from
each Γ-conjugacy class of rational parabolic subgroups P ⊆ G. These index the strata of X.
For each such i the intersection ΓgΓ ∩ Pi decomposes:
ΓgΓ ∩ Pi =
∐
j
ΓPiyijΓPi.
Lemma 7.4 gives a one-to-one correspondence between this collection {yij} and strata Cij
of C such that c1(Cij) = c2(Cij). Moreover the restriction of the Hecke correspondence to a
neighborhood of Cij is locally isomorphic to the parabolic Hecke correspondence defined by
yij so the local contribution to the Lefschetz number from Cij equals the number L(Pi, yij)
given in (14.2.2). In summary, the total Lefschetz number is
L(g) =
t∑
i=1
∑
j
L(Pi, yij) (14.3.1)
as claimed in Theorem 1.4.
14.4. Another formula. If a little expansion Sh(t)−1 is used instead of the shrink, this
will convert neutral directions normal to each stratum into expanding directions, and it will
convert the tangential distance into a contracting direction. An indicator mapping replacing
(13.9.1) is
t(x) =
( ∑
α∈∆+
P
∪∆0
P
rPα (x),
∑
α∈∆−
P
rPα (x) + dEπP (x)
)
This changes the nature of the sheaf A• with the result that the Euler characteristic (rather
than the Euler characteristic with compact supports) appears in the formula. So, in equation
(14.3.1), the contribution L(P, y) (14.2.2) from the stratum CP ⇒ XP will be replaced by
the quantity
L′(P, y) =
∑
{e}
r(−1)|∆
+
P
∪∆0P |χ(Γ′e\Le/K
′
e)
∑
w∈W 1P
Iν(w)=∆
+
P
∪∆0
P
(−1)ℓ(w)Tr
(
e−1;V Lw(λB+ρB)−ρB
)
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where the summations are over the same index sets as in (14.2.2), and where ∆+P = ∆
+
P (e)
and ∆0P = ∆
0
P (e).
15. Remarks on the Euler characteristic
As in §2,G denotes a connected linear reductive algebraic group defined over Q; D denotes
the associated symmetric space; SG denotes the greatest Q-split torus in the center of G;
AG = SG(R)
0 denotes the identity component of its real points; K ′ = AGK is the stabilizer
in G of a fixed basepoint x0 ∈ D; Γ ⊂ G(Q) is an arithmetic group, and X = Γ\D. Recall
the following classical result of Harder [H] (a more streamlined proof of which may be found
in [Le2]).
15.1. Theorem. The Euler characteristic χ(X) is given by the integral over X of the Euler
form with respect to any invariant Riemannian metric on X.
For completeness we also include a proof of the following often-cited fact.
15.2. Lemma. Suppose the real Lie group G/AG does not contain a compact maximal torus.
Then the Euler form vanishes identically on X.
15.3. Proof. By replacing G by the algebraic group 0G (and noting that X = Γ\0G/K),
we may assume that SG is trivial. Let g = k ⊕ p be the Cartan decomposition of Lie(G)
corresponding to the choice K of maximal compact subgroup. Choose a K-invariant inner
product on p. This determines a G-invariant Riemannian metric on D = G/K which passes
to a Riemannian metric on X . Let Ω be the curvature form of the torsion-free Levi-Civita
connection which is associated to this metric. The resulting Euler form Eu is defined to be
0 if dim(D) is odd. If dim(D) = 2k then Eu is the G-invariant differential form on D whose
value at the basepoint x0 is Eu(x˙1, y˙1, x˙2, y˙2, . . . , x˙k, y˙k) = P (Ω(x˙1, y˙1), . . . ,Ω(x˙k, y˙k)) (for
any x˙1, . . . , y˙k ∈ p = Tx0D), where P is the polarization of the Pfaffian Pf : End(p)
− → R.
(Here, End(p)− denotes the skew-adjoint endomorphisms of p.) The form Eu on D passes
to a differential form on X = Γ\D, which is the Euler form for X.
Let Ad : K → GL(p) be the adjoint representation and let ad : k → End(p)− be its
derivative. We claim that det(ad(k˙)) = 0 for any k˙ ∈ k. Modify k˙ by conjugacy if necessary,
so as to guarantee that k˙ lies in a maximal torus t ⊂ g which is stable under the Cartan
involution ([Wa] §1.2, 1.3). Then t = t+ ⊕ t− with t+ ⊂ k and t− ⊂ p. By assumption, t−
contains a nonzero vector t˙, and ad(k˙)(t˙) = [k˙, t˙] = 0, which proves the claim.
The principal K-bundle G→ D = G/K admits a canonical G-invariant connection ([KN]
Chapt. II Thm. 11.5). Its curvature form ω ∈ A2(D, k) is the G-invariant differential form
whose value at the basepoint x0 is given by ω0(p˙1, p˙2) = −[p˙1, p˙2] ∈ k for any p˙1, p˙2 ∈ p.
By a theorem of Nomizu [No2], for any real representation λ : K → GL(E), the resulting
connection in the associated G-homogeneous vectorbundle E = G×K E coincides with the
torsion-free metric (Levi-Civita) connection of any G-invariant metric on E. Its curvature is
the G-invariant End(E)-valued differential form whose value at the basepoint is Ω0 = λ
′ ◦ω0
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where λ′ : k → End(E) is the differential of λ. Taking λ = Ad : K → GL(p) as above gives
Ω0(p˙1, p˙2) = −ad([p˙1, p˙2]). By the above claim, this has determinant 0 hence its Pfaffian
vanishes also. Therefore the Euler form is zero on D, so it is also zero on X.
15.4. Lemma. Let X = Γ\G/KAG as above. Then the Euler characteristic and the Euler
characteristic with compact supports coincide: χ(X) = χc(X).
15.5. Proof. Let X˜ denote the Bore-Serre compactification of X . Topologically, it is a
manifold with boundary ∂X˜ = X˜ −X. Since H ic(X) = H
i(X˜, ∂X˜), it suffices to show that
χ(∂X˜) = 0. The boundary ∂X˜ is a union of finitely many boundary strata YP , each of which
fibers over the corresponding stratum XP (of the reductive Borel-Serre compactification)
with fiber a nilmanifold NP (cf. §2.5, 13.6). So χ(YP ) = χ(NP )χ(XP ) = 0. It follows from
Mayer-Vietoris that χ(∂X˜) = 0.
The above results together give:
15.6. Proposition. Suppose (G/SG)(R) does not contain a compact maximal torus. Then
χ(X) = χc(X) = 0, that is, both the Euler characteristic and the Euler characteristic with
compact supports vanish.
15.7. Euler characteristic of a fixed point component. Now suppose that XP ⊂ X
is a boundary stratum corresponding to a rational parabolic subgroup P = UPLP . Let
FP (e) ⊂ XP be the set of fixed points with some fixed (elliptic) characteristic element
e ∈ LP(Q). Let Le be the centralizer of e in LP . By (8.4.1), FP (e) ∼= Γ
′
e\Le/K
′
e where
Γ′e = Γ
′
L ∩ Le and where K
′
e = Le ∩ (z(KPAP )z
−1) (for appropriate z). By §8.6,
χc(FP (e)) = dχc(Γe\Le/K
′
e) (15.7.1)
where Γe = ΓL ∩ Le and d = [ΓL : Γ
′
L]. This expression has the following merit. The
contribution (14.2.2) to the Lefschetz number from the stratum CP depends on the subgroup
Γ′P ⊂ ΓP . However once this expression (15.7.1) has been substituted into (14.2.2), the
dependency on this subgroup Γ′P occurs only in the two integers r and d.
Let Se be the greatestQ-split torus in the center of Le and let Ae be the identity component
of its group of real points. As explained in [GKM] §7.11, the group K ′e does not necessarily
contain Se(R), so although FP (e) is not necessarily a “locally symmetric space” in the sense
of §2, it fibers over the locally symmetric space Γ′e\Le/K
′
eAe with fiber Ae/AP which is
diffeomorphic to a Euclidean space. Therefore
χc(FP (e)) = (−1)
dim(Ae/AP )χc(Γ
′
e\Le/KeAe) = (−1)
dim(Ae/AP )dχc(Γe\Le/KeAe)
(where Ke = Le ∩ (zKP z
−1)).
Now suppose that LP/AP does not contain a compact maximal torus. Then the same
is true of Le/AP . If Ae = AP then it follows from Proposition 15.6 that χ(FP (e)) =
χc(FP (e)) = 0. However it is not the case in general that Ae = AP . It is possible that
Le/Ae does contain a compact maximal torus and that χ(FP (e)) 6= 0 (in which case FP (e)
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is necessarily non-compact since it is fibered by Ae/AP as described above). See Example
16.4 in which Le = Ae and FP (e) ∼= Ae/AP is the orbit of a split torus. In such cases it is
possible to re-attribute the contribution (14.2.2) (to the Lefschetz number) from the stratum
CP ⇒ XP to smaller strata in the correspondence. This procedure is carried out in [GKM]
p. 531, resulting in a Lefschetz formula in which the only nonzero contributions come from
strata CP ⇒ XP such that LP has a compact maximal torus.
In the adelic setting, the Euler characteristic with compact support χc(FP (e)) can be
expressed in terms of orbital integrals (cf [GKM] §7.11 and §7.14).
16. Examples and special cases
16.1. Reducible fixed point components. For G = SL(3,R), D = G/K, and Γ ⊂
SL(3,Z) a neat principal congruence subgroup, the reductive Borel-Serre compactification X
contains a singular 0-dimensional stratum XB corresponding to the standard Borel subgroup
B. This stratum is contained in the closures of the strata XP1 and XP2 corresponding to the
standard maximal parabolic subgroups P1,P2 containing B. Let g be a generic element of
G(Q) ∩ U(P1) ∩ U(P2) which is not in Γ, for example,
g =
1 0 120 1 0
0 0 1
 .
Let C ⇒ X be the resulting Hecke correspondence. Then these three strata XP1 , XP2, and
XB are fixed by the correspondence. However points in X which are sufficiently close to
these strata are not fixed.
16.2. Middle weight for Sp4. Let G = Sp4, fix a neat arithmetic subgroup Γ ⊂ G(Q),
and choose a Hecke correspondence C ⇒ X which is determined by some g ∈ G(Q). If P
is a minimal parabolic subgroup of G then its Levi quotient LP = SP is a maximal split
torus and the boundary stratum CP consists of a single point. Suppose this point is an
isolated fixed point of the Hecke correspondence. Let e be its characteristic element. The
vectorspace χ∗Q(SP) has a basis consisting of the simple roots ∆P = {α, β}. Let {tα, tβ}
be the dual basis of χQ∗ (SP), so that 〈β, tβ〉 = 1, 〈β, tα〉 = 0 and the same with α and β
interchanged. See Figure 6.
Let us take E to be the trivial local system, and the weight profile ν = −ρB to be the
middle weight (where ρB is the half-sum of the positive roots). The cohomology H
∗(NP ,C)
decomposes into a sum of 1-dimensional weight spaces,
VwρB−ρB ⊂ H
ℓ(w)(NP ,C)
as w ∈ W varies over the elements of the full Weyl group. These weights are the dots in the
left hand part of Figure 7, in which the origin is at −ρB . For each weight space indexed by
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✲
α
✻tβ■β ✒ tα
χ∗(SP) χ∗(SP)
Figure 6. Simple roots and dual basis
a given w ∈ W we have indicated the corresponding set
Iν(w) = {θ ∈ ∆P | 〈wρB, tθ〉 < 0}
of simple roots. The cohomology H∗(NP ) is divided into four “quadrants” according to the
value of Iν(w).
If necessary, project the characteristic element e to the identity component AP of the
torus SP(R) and let t ∈ AP = Lie(AP ) denote its log. The right hand half of Figure 7 may
be identified with the Lie algebra AP . The chamber containing t determines the expanding-
contracting nature of the Hecke correspondence near this fixed point. In each chamber we
have indicated the set of expanding roots,
∆+P (e) = {θ ∈ ∆P | θ(t) < 0}
(where now θ ∈ ∆P has been identified with a homomorphism AP → R). The Lie algebra
AP is divided into four “quadrants” according to the value of ∆
+
P (e) (although we have not
indicated which quadrant contains a given “wall”).
Theorem 13.5 states that the portion of H∗(NP ) which contributes to the Lefschetz num-
ber at this fixed point depends on the quadrant in which t = log(e) lies: if ∆+P (e) = J ⊂ ∆P
then only the portion of H∗(NP ) which lies in the quadrant indexed by J contributes to the
Lefschetz number. A further degree shift by |J | occurs when this portion H∗(NP )⌈νP ,J⌋ is
identified (in Theorem 12.5) with the local weighted cohomology with supports.
It is a remarkable fact that, globally in the Hecke correspondence, the fixed points occur
in Weyl group orbits. Assuming t is regular (does not lie on a wall) then, after summing
over all the fixed points, each chamber will appear the same number of times. It is the sum
of these local contributions over a W -orbit of fixed points ([GKM] p. 529, last paragraph)
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✲✻■ ✒
φ φ
φ
{β}
{α, β}{α, β}
{α, β}
{α}
φ
{β}
{β}
{β}{α, β}
{α}
{α}
{α}
χ∗(SP) χ∗(SP)
Figure 7. Diagram of Iν(w) and of ∆
+
P (e)
which gives rise to the combinatorial formula for the averaged discrete series characters as
described in [GKM].
16.3. Very positive and very negative weights. Let i : X → X denote the inclusion.
Suppose the weight profile ν = −∞ (or is very negative). Then the weight truncation does
nothing, and the weighted cohomology sheaf WνC•(E) ∼= Ri∗(E) becomes the “full” direct
image of E. For any stratum XQ, Iν(w) = φ for any w ∈ W
1
Q. Theorem 13.5 then says that
a fixed point stratum F ∩ CQ (with characteristic element e) makes a contribution to the
Lefschetz number only if ∆+Q(e) = φ, which is to say, only if the Hecke correspondence is
either contracting or neutral in every direction normal to the stratum XQ.
In this case the local contribution to the Lefschetz number may be expressed in terms
of the character of the finite dimensional representation G → GL(E). We briefly recall the
argument in [GKM] §7.18. The quantity
∑
i(−1)
iTr(e−1;H i(NP , E)) is equal to
Tr(e−1;E)
times the following quantity:∑
i
(−1)iTr(e−1;∧i(N∗P ) = det(1−Ad(e);NP (C))
=
∏
α∈Φ+
L
(1− α−1(e))
∏
α∈Φ+
L
α(e)(−1)dimNP
= ∆P (e) det(e;NP )(−1)
dimNP
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where ∆P (e) =
∏
α∈Φ+
L
(1−α−1(e)) denotes the (partial) Weyl denominator. (These quanti-
ties may be further expressed in terms of |DGL (e)|, δP (e), and χG(e) using [GKM] (7.16.11),
(7.18.3) and [GKM] p. 497.)
Similarly, suppose the weight profile ν = +∞ or is a very large positive weight. The
stalk cohomology (at a point x ∈ XQ in some boundary stratum XQ) of the weighted
cohomology sheafWνC•(E) vanishes because the weight truncation (12.2.1) kills everything.
In this case, the weighted cohomology sheaf is quasi-isomorphic to the sheaf Ri!(E) which is
obtained as the extension by 0 of the local system E. Its cohomology is the compact support
cohomology H∗c (X ;E) of the locally symmetric space. For any stratum XQ, According to
(12.7.2), Iν(w) = ∆Q for any w ∈ W
1
Q. Theorem 13.5 then says that a fixed point stratum
F ∩CQ (with characteristic element e ∈ LQ) makes a contribution to the Lefschetz number
only if ∆+Q(e) = ∆Q, that is, only if the Hecke correspondence is strictly expanding in all
directions normal to the stratum XQ. Then the same quantity
∑
i(−1)
iTr(e−1;H i(NP , E))
occurs in the formula, but with a (possibly) different sign.
In these cases (of ν = ±∞) the Lefschetz formula of Franke [F] can be recovered, cf.
[GKM] §7.17, 7.18.
16.4. Hyperboic 3-space. For G(R) = SL2(C) the symmetric space D = G/K may
be identified with hyperbolic 3-space. If Γ is a torsion-free arithmetic group, then X =
Γ\D is a hyperbolic 3-manifold. The group G does not contain a compact maximal torus.
Consequently, χ(X) = 0 (cf §15.6). However, when X is not compact, there exists a Hecke
correspondence on X whose fixed point set consists of a smooth curve which passes from one
cusp to another cusp. The Euler characteristic of this fixed point set is not zero, although
the Euler form vanishes identically1. It is possible to find particular weight profiles such
that the (global) Lefschetz number of this correspondence on the weighted cohomology is
nonzero. However, the formula [GKM] (thm. 7.14.B) would attribute the contribution from
this fixed curve to the cusps, rather than to the interior stratum. This re-attribution is a
result of equation (7.14.2) of [GKM].
16.5. Nielsen fixed point theory. Suppose X is a compact manifold with fundamental
group Γ = π1(X, x0). Let f : X → X be a self-map. A choice of path from the basepoint
x0 to its image f(x0) determines a homomorphism φ : Γ → Γ. Two elements γ1, γ2 ∈ Γ
are said to be φ-conjugate if there exists γ ∈ Γ so that γ2 = γγ1φ(γ)
−1. Let (Γ)φ denote
the set of φ-conjugacy classes in Γ and let R(Γ)φ be the vectorspace of finite formal linear
combinations of such classes. For each connected component F of the fixed point set of f ,
let L(F ) ∈ R denote the contribution of F to the Lefschetz number L, that is,
L =
∑
i
(−1)i Tr (f ∗ : H i(X)→ H i(X)) =
∑
F
L(F ).
1It does not violate Theorem 15.1: it is not a “locally symmetric space” in the sense of §2.1 because it
contains (and in fact consists of) a Euclidean factor.
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The Nielsen theory (see [GN]) assigns
• a φ-conjugacy class {F} ∈ (Γ)φ to each connected component F of the fixed point set,
and
• a (cohomologically defined) Nielsen number N({γ}, f) to each φ-conjugacy class {γ}
such that ∑
{γ}∈(Γ)φ
N({γ}, f){γ} =
∑
F
L(F ){F} ∈ R(Γ)φ (16.5.1)
thereby “refining” the Lefschetz fixed point formula. (The sum on the left is over φ-conjugacy
classes and the sum on the right is over connected components of the fixed point set.)
Now suppose that X = Γ\D is a compact locally symmetric space. Fix g ∈ G(Q) and
let C ⇒ X be the resulting Hecke correspondence. Let (ΓgΓ)1 be the set of Γ-conjugacy
classes of elements e ∈ ΓgΓ. Let E to be the local system corresponding to a representation
τ : G → GL(E). Theorem 1.4 then says that the Lefschetz number of this correspondence
is:
L =
∑
{e}
χ(F (e))tr(τ(e)−1;E). (16.5.2)
Here, the sum is taken over all conjugacy classes {e} ∈ (ΓgΓ)1, and F (e) denotes the set
of fixed points which have characteristic element equal to e. This set is empty unless e is
elliptic (modulo AG). If F (e) is not empty, then it is compact.
It turns out that if the local system E is trivial, and if the correspondence C ⇒ X is
actually a self-map f : X → X then the terms in (16.5.2) are exactly the terms in the Nielsen
formula (16.5.1). The group Γ may be identified with the fundamental group π1(X, x0). The
Hecke correspondence is actually a self-map iff the element g normalizes Γ. In this case, the
automorphism φ : Γ → Γ is given by conjugation: φ(γ) = gγg−1. Finally, the association
a 7→ ag (for a ∈ Γ) determines a one to one correspondence
(Γ)φ → (ΓgΓ)1.
There is a slightly more general Nielsen formula for correspondences, also with coefficients in
a local system. The terms in this formula again coincide with the terms in the sum (16.5.2).
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